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Abstract
This work presents the foundations of Singular Semi-Riemannian Geometry and Singular
General Relativity, based on the author’s research. An extension of differential geometry
and of Einstein’s equation to singularities is reported. Singularities of the form studied
here allow a smooth extension of the Einstein field equations, including matter. This
applies to the Big-Bang singularity of the FLRW solution. It applies to stationary black
holes, in appropriate coordinates (since the standard coordinates are singular at singu-
larity, hiding the smoothness of the metric). In these coordinates, charged black holes
have the electromagnetic potential regular everywhere. Implications on Penrose’s Weyl
curvature hypothesis are presented. In addition, these singularities exhibit a (geo)metric
dimensional reduction, which might act as a regulator for the quantum fields, includ-
ing for quantum gravity, in the UV regime. This opens the perspective of perturbative
renormalizability of quantum gravity without modifying General Relativity.
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Chapter 1
Introduction
1.1 Historical background
We are interested in the properties of a class of smooth differentiable manifolds which
have on the tangent bundle a smooth symmetric bilinear form (also named metric),
which is allowed to change its signature.
The first such manifolds which were studied have non-degenerate metric – starting with
the Euclidean plane and space, and continuing with the non-Euclidean geometries intro-
duced by Lobachevsky, Gauss, and Bolyai. After Gauss extended the study of the Eu-
clidean plane to curved surfaces, Bernhard Riemann generalized it to curved spaces with
arbitrary number of dimensions [159]. Riemann hoped to give a geometric description
of the physical space, in the idea that matter is in fact the effect of the curvature. The
previously discovered geometries – the Euclidean and non-Euclidean ones, and Gauss’s
geometry of surfaces – are all particular cases of Riemannian geometry. A Riemannian
manifold is a differentiable manifold endowed with a symmetric, non-degenerate and
positive definite bilinear form on its tangent bundle.
The necessity of studying spaces having a symmetric, non-degenerate bilinear form which
is not positive definite appeared with the Theory of Relativity [68]. A differentiable man-
ifold having on its tangent bundle a symmetric, non-degenerate bilinear form which is
not necessarily positive or negative definite is named semi-Riemannian manifold (some-
times pseudo-Riemannian manifold, and in older textbooks even is called Riemannian
manifold). Semi-Riemannian geometry constitutes the mathematical foundation of Gen-
eral Relativity. It was thoroughly studied, and the constructions made starting from the
non-degenerate metric, such as the Levi-Civita connection, the covariant derivative, the
Riemann, Ricci and scalar curvatures are very similar to the Riemannian case, when the
metric is positive definite. On the other hand, other properties, especially the global
ones, are very different in the indefinite case. Very good references for semi-Riemannian
geometry are the textbooks [22, 94, 140].
1
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If we allow the metric to be degenerate, many difficulties occur. For this reason, advances
were made slower than for the non-degenerate case, and only in particular situations.
The study of manifolds endowed with degenerate metric is pioneered by Moisil [131],
Strubecker [193–196], Vra˘nceanu [223] 1.
One situation when the metric can be degenerate occurs in the study of submanifolds of
semi-Riemannian manifolds. In the Riemannian case, the submanifolds are Riemannian
too. But in general the image of a smooth mapping from a differentiable manifold to
a Riemannian or semi-Riemannian manifold may be singular, in particular may have
degenerate metric. In the case of varieties the problem of finding a resolution of its
singularities was proved to have positive answer by Hironaka [103, 104]. In the semi-
Riemannian case, the metric induced on a submanifold can be degenerate, even though
the larger manifold has non-degenerate metric. The properties of such submanifolds,
studied in many articles, e.g. in [153], [119, 121], [23, 66], were extended by Kupeli
to manifolds endowed with degenerate metric of constant signature [120, 122]. The
situation is much more difficult when the signature changes.
There are some situations in General Relativity when the metric becomes degenerate
or changes its signature. There are cosmological models of the Universe in which the
initial singularity of the Big Bang is replaced, by making the metric of the early Uni-
verse Riemannian. Such models, constructed in connection to the Hartle-Hawking no-
boundary approach to Quantum Cosmology, assume that the metric was Riemannian,
and it changed, becoming Lorentzian, so that time emerged from a space dimension.
Such a change of signature is considered to take place when traversing a hypersurface,
on which the metric becomes degenerate [168],[72, 73],[97–99], [59], [60–64, 101], [113–
118].
Another situation where the metric can become degenerate was proposed by Einstein
and Rosen, as a model of charged particles. They were the first to model charged
particles as wormholes, also named Einstein-Rosen bridges [69], and inspired Wheeler’s
charge without charge program [128, 229].
The Einstein’s equation, as well as its Hamiltonian formulation due to Arnowitt, Deser
and Misner [10], may lead to cases when the metric is degenerate. As the Penrose and
Hawking singularity theorems show, the conditions leading to singularities are very gen-
eral, applying to the matter distribution in our Universe [89–91, 94, 95, 144]. Therefore,
it is important to know how we can deal with such singularities. Many attempts were
done to solve this issue.
For example it was suggested that Ashtekar’s method of “new variables” [12, 13, 164]
can be used to pass beyond the singularities, because the variable E˜ai – a densitized
frame of vector fields – defines the metric, which can be degenerate. Unfortunately, it
1Gheorghe Vra˘nceanu also introduced in 1926 the non-holonomic geometry, nowadays known as
sub-Riemannian geometry [134, 204, 221, 222]. Although at a point, there is a duality between the
sub-Riemannian and the singular semi-Riemannian metrics, locally and especially globally there are too
many differences to allow an import of the rich amount of results already obtained in sub-Riemannian
geometry.
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turned out that in this case the connection variable Aia may become singular cf.e.g.[230].
In fact, this is the general case, because the connection variable Aia contains as a term
the Levi-Civita connection, which is singular in most cases when g becomes degenerate.
Quantum effects are suspected to play an important role in avoiding the singularities.
Loop Quantum Cosmology, by quantizing spacetime, provided a mean to avoid the Big-
Bang singularity and replace it with a Big-Bounce, due to the fact that the curvature
is bounded, because there is a minimum distance [15, 33, 167, 219]. A very interesting
model which is nonsingular at the end of the evolution and does not allow the anisotropic
universe to turn into an isotropic one is studied in [165, 166]. Another possibility to
avoid singularities is given in [151], within the Einstein-Cartan-Sciama-Kibble theory
[50, 51, 100], and also in f(R) modifications of General Relativity. Singularity removal
may arise arise in more classical contexts. For example, certain symmetries eliminates
the so-called NUT singularity, in certain conditions [56–58, 127].
A more classical proposal to avoid the consequences of singularities was initiated by R.
Penrose, with the cosmic censorship hypothesis [145–148]. According to the weak cos-
mic censorship hypothesis, all singularities (except the Big-Bang singularity) are hidden
behind an event horizon, hence are not naked. The strong cosmic censorship hypothesis
conjectures that the maximal extension of spacetime as a regular Lorentzian manifold
is globally hyperbolic.
The literature in the approaches to singularities is too vast, and it would be unjust to
claim to review it properly in a research work which is not a dedicated review. A great
review on the problem of singularities in General Relativity is given in [206], and a more
up-to-date one in [83].
1.2 Motivation for this research
In this Thesis is developed the mathematical formalism for a large class of manifolds
having on the tangent structure symmetric bilinear forms, which are allowed to become
degenerate. Then these results are applied to the singularities in General Realtivity.
This special type of singular semi-Riemannian manifold has regular properties in what
concerns
1. the Riemann curvature Rabcd (and not R
a
bcd, which in general diverges at singu-
larities),
2. the covariant derivative of an important class of differential forms,
3. and other geometric objects and differential operators which in general cannot be
defined properly because they require the inverse of the metric.
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These properties of regularity are not valid for any type of degenerate metric. This
justifies the name of semi-regular semi-Riemannian manifolds given here to these special
singular semi-Riemannian manifolds. Semi-regular metrics can also be used to give a
densitized version to the Einstein equation, and to approach the problem of singularities
in General Relativity.
The signature of the metric of a semi-regular semi-Riemannian manifold can change, but
when it doesn’t change, we obtain the “stationary singular semi-Riemannian manifolds”
with constant signature, researched by Kupeli [120, 122]. These in turn contain as par-
ticular case the semi-Riemannian manifolds, which contain the Riemannian manifolds.
In General Relativity, Einstein’s equation encodes the relation between the stress-energy
tensor of matter, and the Ricci curvature. In 1965 Roger Penrose [144], and later he and
S. Hawking [89–91, 94, 95], proved a set of singularity theorems. These theorems state
that, under reasonable conditions, the spacetime turns out to be geodesic incomplete –
i.e. it has singularities. They show that the conditions of occurrence of singularities
are quite common. Christodoulou [53] showed that these conditions are in fact more
common, and then Klainerman and Rodnianski [111] proved that they are even more
common.
Consequently, some researchers proclaimed that General Relativity predicts its own
breakdown, by predicting the singularities [13, 14, 16, 93, 95, 96]. Hawking’s discovery
of the black hole evaporation, leading to his information loss paradox [92, 93], made the
things even worse. The singularities seem to destroy information, in particular violating
the unitary evolution of quantum systems. The reason is that the field equations cannot
be continued through singularities.
Therefore, it would be important to better understand the singularities.
There are two main situations in which singularities appear in General Relativity and
Cosmology: at the Big-Bang, and in the black holes. We will see that the mathematical
apparatus developed in this Thesis finds applications in both these situations.
As the previous section shows, much work is done on singular metrics. But to the
author’s knowledge, the systematic approach presented here and the results are novel,
as well as the applications to General Relativity, and have no overlap with the research
that is previously done by other researchers.
1.3 Presentation per chapter
Chapter 2 introduces the geometry of metrics which can be degenerate, and are allowed
to change signature. It studies the main properties of such manifolds, and is based
almost entirely on the author’s research. It contains an invariant definition of metric
contraction between covariant indices, which works also when the metric is degenerate.
With the help of the metric, it is shown that in some cases one can construct covariant
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derivatives, and even define a Riemann curvature tensor. If the metric is non-degenerate,
all these geometric objects become the ones known from semi-Riemannian geometry.
Section 2.10 contains the derivation of a generalization of Cartan’s structural equations
for degenerate metric. Section 2.11 generalizes the notion of warped product to the case
when the metric can become degenerate. It provides a simple way to construct examples
of singular semi-Riemannian manifolds. The degenerate warped product turns out to
be relevant in some of the singularities which will be analyzed in the Thesis.
The following chapters, also based on author’s own research, applies the mathematics
developed in the first part to the singularities encountered in General Relativity. Chapter
3 introduces two equations equivalent to Einstein’s equation at the points where the
metric is non-degenerate, but which remain smooth at singularities. The first equation
remains smooth at the so-called semi-regular singularities. The second of the equations
applies to the more restricted case of quasi-regular singularities, which will turn out to
be important in the following chapters.
Chapter 4 shows, with the apparatus developed so far, that the Friedmann-Lemaˆıtre-
Robertson-Walker spacetime is semi-regular, but also quasi-regular. It also studies some
important properties of the FLRW singularity. The non-singular version of Einstein’s
equation is written explicitly, and shown to be smooth at singularity. Then, in section
§4.4, a more general solution, which is not homogeneous or isotropic, is presented. It is
shown that it contains as particular cases the isotropic singularities and the Friedmann-
Lemaˆıtre-Robertson-Walker singularities, and, being quasi-regular, satisfies the Weyl
curvature hypothesis of Penrose.
The black hole singularities are studied in chapter 5. It is shown that the Schwarzschild
singularity is semi-regularizable, by using a method inspired by that of Eddington and
Finkelstein [67, 74], used to prove that the metric is regular on the event horizon. This
method is also applied to make the Reissner-Nordstrom and the Kerr-Newman singular-
ities analytic. Then, it is shown that this approach allows the construction of globally
hyperbolic spacetimes with singularities (Chapter 6). This shows that it doesn’t follow
with necessity that black holes destroy information, leading by this to Hawking’s infor-
mation loss paradox and violations of unitary evolution. This suggests that a possible
resolution of Hawking’s paradox can be obtained without modifying General Relativity.
Chapter 7 explores the possibility that the dimensional reduction at singularities im-
proves the renormalization in Quantum Field Theory, and makes Quantum Gravity
preturbatively renormalizable.
Chapter 2
Singular semi-Riemannian
manifolds
The text in this chapter is based on author’s original results, communicated in the papers
[180], [182], and [181].
2.1 Introduction
2.1.1 Motivation and related advances
On a semi-Riemannian manifold (including the Riemannian case), one can use the metric
to define geometric objects like the Levi-Civita connection and the Riemann curvature.
One essential ingredient is the metric covariant contraction [154, 215]. In singular semi-
Riemannian geometry, the metric is not necessarily non-degenerate, and these standard
constructions no longer work, being based on the inverse of the metric, and on operations
defined with its help, like the metric contraction between covariant indices.
In this chapter, we define in an invariant way the canonical metric contraction between
covariant indices, which works even for degenerate metrics (although in this case is
well defined only on a special type of tensor fields, but this suffices for our purposes).
Then, we use this contraction to define in a canonical manner the covariant derivative
for radical-annihilator indices of covariant tensor fields, on a class of singular semi-
Riemannian manifolds. This newly defined covariant derivative helps us construct the
Riemann curvature, which is smooth on a class of singular semi-Riemannian manifolds,
named semi-regular. We also define the Ricci and scalar curvatures, which are smooth
for degenerate metric, so long as the signature is constant.
6
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2.1.2 Presentation of this chapter
Section §2.2 recalls known generalities about singular semi-Riemannian manifolds, such
as the space of degenerate tangent vectors at a point.
Section §2.3 continues with the properties of the radical-annihilator space, consisting in
the covectors annihilating the degenerate vectors at a point. These spaces of covectors
are used to define tensor fields. On the space of radical-annihilator covectors we can
define a symmetric bilinear form which generalizes the inverse of the metric. This metric
will be used to perform metric contractions between covariant indices, for the tensor
fields constructed with the help of the radical-annihilator space, in section §2.4.
The standard way to define the Levi-Civita connection is by raising an index in the
Koszul formula. But this method works only for non-degenerate metrics, since it relies
on raising indices. We will be able to obtain differential operators like the covariant
derivative for a class of tensor fields, by using the right-hand side of the Koszul formula
(named here the Koszul object). The properties of the Koszul object are studied in
section §2.5. They are similar to those of the Levi-Civita connection, and are used to
construct a kind of covariant derivative for vector fields in section §2.6, and a covariant
derivative for differential forms in §2.6.3.
An important class of singular semi-Riemannian manifolds is that on which the lower
covariant derivative of any vector field, which is a 1-form, admits smooth covariant
derivatives. We define them in section §2.7, and call them semi-regular manifolds.
The Koszul object and of the covariant derivatives for differential forms introduced in
section §2.6 are used to construct, in §2.7, the Riemann curvature tensor, which has the
same symmetry properties as in the non-degenerate case. We show that on a semi-regular
semi-Riemannian manifold, the Riemann curvature tensor is smooth. Since it is radical-
annihilator in all of its indices, we can construct from it the Ricci and scalar curvatures.
Section §2.8, proves a useful formula of the Riemann curvature tensor, directly in terms
of the Koszul object. We compare the Riemann curvature we obtained, with the one
obtained by Kupeli by different methods in [120].
We give in section §2.9 two examples of semi-regular semi-Riemannian metrics: diagonal
metrics, and degenerate conformal transformations of non-degenerate metrics.
In section §2.10, we derive structural equations similar to those of Cartan, but for
degenerate metrics.
Section §2.11 contains the generalization of the warped product to singular semi-Rie-
mannian manifolds, where the warping function can be allowed to vanish at some points,
and the manifolds whose product is taken may be singular semi-Riemannian. It is shown
that the degenerate warped product of semi-Riemannian manifolds is semi-Riemannian,
under very general conditions imposed to the warping function. Degenerate warped
products will have important applications, both in the case of big-bang, and the black
hole singularities.
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2.2 Singular semi-Riemannian manifolds
2.2.1 Definition of singular semi-Riemannian manifolds
Definition 2.1. (see e.g. [120], [142], p. 265 for comparison) Let M be a differentiable
manifold, and g ∈ T 02M a symmetric bilinear form on M . Then the pair (M, g) is called
singular semi-Riemannian manifold. The bilinear form g is called the metric tensor, or
the metric, or the fundamental tensor.
For any point p ∈M , the tangent space TpM has a frame in which the metric is
gp = diag(0, . . . , 0,−1, . . . ,−1, 1, . . . , 1),
where 0 appears r times, −1 appears s times, and 1 appears t times. The triple (r, s, t) is
called the signature of g at p. The relations dimM = r+s+t, and rank g = s+t = n−r,
hold. If the signature of g is fixed, then (M, g) is said to have constant signature,
otherwise is said to be with variable signature. If g is non-degenerate, then the manifold
(M, g) is semi-Riemannian, and if g is positive definite, it is Riemannian.
Remark 2.2. The name “singular semi-Riemannian manifold” may suggest that such a
manifold is semi-Riemannian. In fact it is more general, containing the non-degenerate
case as a subcase. This may be a misnomer, but we adhere to it, because it is generally
used in the literature [122, 131, 223]. Moreover, for the geometric objects we introduce,
which are similar and generalize objects from the non-degenerate case, we will prefer to
import the standard terminology from semi-Riemannian geometry (see e.g. [140]).
The results obtained in the following don’t necessarily require the metric to be degen-
erate. Hence, they also apply to semi-Riemannian manifolds, including Riemannian.
Moreover, while in standard materials like [120, 122] was preferred to maintain the sig-
nature constant (because the most acute singular behavior takes place at the points
where the signature changes) we will not assume constant signature.
Example 2.1. Let r, s, t ∈ N, n = r + s+ t. The space
Rr,s,t := (Rn, 〈, 〉), (2.1)
with the metric g given, for any two vector fields X, Y on Rn at a point p on the
manifold, in the natural chart, by
〈Xp, Yp〉 = −
s∑
i=r+1
XiY i +
n∑
j=r+s+1
XjY j , (2.2)
is called the singular semi-Euclidean space Rr,s,t (see e.g. [142], p. 262). If r = 0 we
obtain the semi-Euclidean space Rns := R0,s,t (see e.g. [140], p. 58). If r = s = 0, then
t = n and we obtain as particular case the Euclidean space Rn, endowed with the natural
scalar product.
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2.2.2 The radical of a singular semi-Riemannian manifold
Definition 2.3. (cf.e.g.[23], p. 1, [122], p. 3, and [140], p. 53) Let V be a finite
dimensional vector space, endowed with a symmetric bilinear form g which may be
degenerate. The space V ◦ := V ⊥ = {X ∈ V |∀Y ∈ V, g(X,Y ) = 0} is named the radical
of V . The symmetric bilinear form g is non-degenerate if and only if V ◦ = {0}.
Definition 2.4. (see e.g. [120], p. 261, [142], p. 263) Let (M, g) be a singular semi-
Riemannian manifold. The subset of the tangent bundle defined by T ◦M = ∪p∈M (TpM)◦
is called the radical of TM . It is a vector bundle if and only if the signature of g
is constant on the entire M , and in this case, T ◦M is a distribution. We denote by
X◦(M) ⊆ X(M) the set of vector fields W ∈ X(M) for which Wp ∈ (TpM)◦.
Example 2.2. In the case of the the singular semi-Euclidean manifold Rr,s,t from the
Example 2.1, the radical T ◦Rr,s,t is:
T ◦Rr,s,t =
⋃
p∈Rr,s,t
span({(p, ∂ap)|∂ap ∈ TpRr,s,t, a ≤ r}), (2.3)
and
X◦(Rr,s,t) = {X ∈ X(Rr,s,t)|X =
r∑
a=1
Xa∂a}. (2.4)
2.3 The radical-annihilator
Let (V, g) be a vector space endowed with a bilinear form (also named inner product).
If g is non-degenerate, it defines an isomorphism [ : V → V ∗ (see e.g. [86], p. 15;
[82], p. 72). If g is degenerate, [ is a linear morphism, but not an isomorphism. This
prevents the definition of a dual for g on V ∗ in the usual sense. But we can still define
canonically a symmetric bilinear form g• ∈ [(V )∗  [(V )∗, which extends immediately
to singular semi-Riemannian manifolds, and can be used to contract covariant indices
and construct the needed geometric objects.
2.3.1 The radical-annihilator vector space
Definition 2.5. Let [ : V → V ∗, which associates to any u ∈ V a linear form [(u) :
V → R, defined by [(u)v := 〈u, v〉. Then, [ is a vector space morphism, called the index
lowering morphism. We will also use the notation u[ for [(u), and sometimes u•.
Remark 2.6. It is easy to see that V ◦ = ker [, so [ is an isomorphism if and only if g is
non-degenerate.
Definition 2.7. The vector space V • := im [ ⊆ V ∗ of 1-forms ω which can be expressed,
for some u ∈ V , as ω = u[, is called the radical-annihilator space (it is the annihilator of
the radical space V ◦). The forms ω ∈ V • are called radical-annihilator forms, and act
on V by ω(v) = 〈u, v〉.
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It is easy to see that dimV •+ dimV ◦ = n. If g is non-degenerate, V • = V ∗. If u′ ∈ V is
another vector so that u′[ = ω, then u′−u ∈ V ◦. Such 1-forms ω ∈ V • satisfy ω|V ◦ = 0.
Definition 2.8. The symmetric bilinear form g on V defines on V • a canonical non-
degenerate symmetric bilinear form g•, by g•(ω, τ) := 〈u, v〉, where u[ = ω and v = τ [.
We alternatively use the notation 〈〈ω, τ〉〉• = g•(ω, τ). This notation is consistent with
the notation u[ = u• ∈ V •.
Proposition 2.9. The inner product g• is well-defined, in the sense that it doesn’t
depend on the vectors u, v which represent the 1-forms ω, τ . It is non-degenerate, and
has the signature (0, s, t), where (r, s, t) is the signature of g.
Proof. Let u′, v′ ∈ V be other vectors so that u′[ = ω and v′[ = τ . Then, since u′−u ∈ V ◦
and v′ − v ∈ V ◦, 〈u′, v′〉 = 〈u, v〉+ 〈u′ − u, v〉+ 〈u, v′ − v〉+ 〈u′ − u, v′ − v〉 = 〈u, v〉.
Let (ea)
n
a=1 be a basis in which g is diagonal, the first r diagonal elements being 0. For
a ∈ {1, . . . , r}, e[a = 0. For a ∈ {1, . . . , s + t}, ωa := e[r+a are the generators of V •,
and 〈〈ωa, ωb〉〉• = 〈er+a, er+b〉. Hence, (ωa)s+ta=1 are linear independent, and g• has the
signature (0, s, t).
In Figure 2.1 we can see the various spaces associated with (V, g), and the inner products
induced by g on them.
(V,g) V*
u
u+w w (V●,g●)
(V●,g●)V●=V/V○
u●
Figure 2.1: Let (V, g) be an inner product space. The morphism [ : V → V ∗ is defined
by u 7→ u• := [(u) = u[ = g(u, ). The set of isotropic vectors in V forms the radical
V ◦ := ker [ = V ⊥. The image of [ is V • := im [ ≤ V ∗. The inner product g defines an
inner product on V •, by g•(u[1, u
[
1) := g(u1, u2). The inner product g• is the inverse of
g iff det g 6= 0. The quotient space V • := V/V ◦ is made of the equivalence classes of
the form u+ V ◦. On V •, g defines an inner product g•(u1 + V ◦, u2 + V ◦) := g(u1, u2).
The relations between the radical, the radical annihilator and the factor spaces can be
collected in the diagram:
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0 V ◦ (V, g) (V •, g•) 0
0 V ◦ V ∗ (V •, g•) 0
i◦ pi•
pi◦
[V
i•
[ ]
where V • = V •∗ =
V
V ◦
and V ◦ = V ◦∗ = V
∗
V • .
Let (ea)
n
a=1 be a basis of V in which g = diag(α1, α2, . . . , αn), αa ∈ R for all 1 ≤ a ≤ n.
Then
gab = 〈ea, eb〉 = αaδab, (2.5)
ea
•(eb) := 〈ea, eb〉 = αaδab,
and, if (e∗a)na=1 is the dual basis of (ea)na=1,
ea
• = αae∗a. (2.6)
It is easy to see that
g•ab =
1
αa
δab, (2.7)
for all a so that αa 6= 0.
2.3.2 The radical-annihilator vector bundle
It is straightforward to extend the notions from previous section to the cotangent bundle.
We define
T •M =
⋃
p∈M
(TpM)
•, (2.8)
and we call
A•(M) := {ω ∈ A1(M)|ωp ∈ (TpM)• for any p ∈M} (2.9)
the space of radical-annihilator 1-forms.
Example 2.3. The radical-annihilator T •Rr,s,t of the space Rr,s,t from Example 2.1 is
T •Rr,s,t =
⋃
p∈Rr,s,t
span({dxa ∈ T ∗pRr,s,t|a > r}). (2.10)
The space of radical-annihilator 1-forms is
A•(Rr,s,t) = {ω ∈ A1(Rr,s,t)|ωi = 0, i ≤ r}, (2.11)
and they have the general form
ω =
n∑
a=r+1
ωadx
a. (2.12)
Singular semi-Riemannian manifolds 12
2.3.3 Radical and radical-annihilator tensors
The radical and radical-annihilator spaces determine special subspaces of tensors on
TpM , on which we can define the metric contraction in covariant indices.
Definition 2.10. Let T be a tensor of type (r, s). If T ∈ T k−10 M ⊗M T ◦M ⊗M T r−ks M ,
we call it radical in the k-th contravariant slot. If T ∈ T rl−1M ⊗M T •M ⊗M T 0s−lM , we
call it radical-annihilator in the l-th covariant slot.
Proposition 2.11. Let T ∈ T rsM be a tensor. Then, T is radical in the k-th con-
travariant slot if and only if its contraction with any radical-annihilator linear 1-form
ω ∈ A1(M), Cks+1(T ⊗ ω) = 0.
Proof. Suppose k = r (the case k < r reduces to k = r, by using the permutation
automorphisms of the tensor space T rsTpM). The tensor T can be written as T =∑
α Sα⊗vα, with Sα ∈ T r−1s TpM and vα ∈ TpM . The contraction Cks+1(T ⊗ω) becomes∑
α Sαω(vα). Since T is radical in the r-th contravariant slot, ω(vα) = 0, for all α and
any ω ∈ TpM•. Therefore
∑
α Sαω(vα) = 0.
Reciprocally, if
∑
α Sαω(vα) = 0, it follows that for any α, Sαω(vα) = 0, for any ω ∈
TpM
•. Then, vα ∈ V ◦.
Proposition 2.12. Let T ∈ T rsM be a tensor. Then, T is radical-annihilator in the
l-th covariant slot if and only if its l-th contraction with any radical vector field X,
Cr+1l (T ⊗X) = 0.
Proof. The proof is similar to that of Proposition 2.11.
Example 2.4. The inner product g ∈ T 02M is radical-annihilator in both of its slots.
Proposition 2.13. Let T ∈ T rsM be a tensor, radical in it’s k-th contravariant slot,
and radical-annihilator in it’s l-th covariant slot. Then, the contraction Ckl (T ) = 0.
Proof. The result follows from Proposition 2.11.
2.4 Covariant contraction of tensor fields
Contractions between one covariant and one contravariant indices don’t require a metric,
and the inner product g can contract between two contravariant indices, obtaining the
contravariant contraction operator Ckl (cf. e.g. [140], p. 83). But how we define the
metric contraction between two covariant indices, in the absence of an inverse of the
metric? We will see that g• can do this, although only for vectors or tensors which are
radical-annihilator in covariant slots. Luckily, these tensors are the relevant ones for our
purpose.
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2.4.1 Covariant contraction on inner product spaces
Definition 2.14. Let T ∈ V • ⊗ V •, be a (2, 0)−tensor which is radical-annihilator in
both its slots. Then, C12T := g•abTab is the metric covariant contraction. This definition
is independent on the basis, because g• ∈ V •∗ ⊗ V •∗. Let r ≥ 0 and s ≥ 2, and let
T ∈ T rsV be a tensor which satisfies
T ∈ V ⊗r ⊗ V ∗⊗k−1 ⊗ V • ⊗ V ∗⊗l−k−1 ⊗ V • ⊗ V ∗⊗s−l, (2.13)
1 ≤ k < l ≤ s. We define the operator
Ckl : V
⊗r ⊗ V ∗⊗k−1 ⊗ V • ⊗ V ∗⊗l−k−1 ⊗ V • ⊗ V ∗⊗s−l → V ⊗r ⊗ V ∗⊗s−2,
by Ckl := Cs−1 s ◦ Pk,s−1;l,s, where Pk,s−1;l,s : T ∈ T rsV → T ∈ T rsV is the permutation
isomorphisms which moves the k-th and l-th slots in the last two positions, and Cs−1 s
is the operator
Cs−1 s := 1T rs−2V ⊗ C1,2 : T rs−2V ⊗ V • ⊗ V • → T rs−2V,
where 1T rs−2V : T rs−2V → T rs−2V is the identity. Then, the operator Ckl is named the
metric covariant contraction between the covariant slots k and l. In a radical basis, the
contraction has the form
(CklT )
a1...ar
b1...̂bk...̂bl...bs
:= g•bkblT a1...ar b1...bk...bl...bs . (2.14)
We denote the contraction CklT of T also by
T (ω1, . . . , ωr, v1, . . . , •, . . . , •, . . . , vs).
2.4.2 Covariant contraction on singular semi-Riemannian manifolds
We can now extend the metric covariant contraction in radical-annihilator slots to sin-
gular semi-Riemannian manifolds.
Definition 2.15. Let T ∈ T rsM , s ≥ 2, be a tensor field on M , which is radical-
annihilator in the k-th and l-th covariant slots, 1 ≤ k < l ≤ s. The operator
Ckl : T rk−1M ⊗M A•(M)⊗M T 0l−k−1M ⊗M A•(M)⊗M T 0s−lM → T rs−2M
(CklT )(p) = Ckl(T (p))
is called the metric covariant contraction operator. We denote it also by
T (ω1, . . . , ωr, X1, . . . , •, . . . , •, . . . , Xs).
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Lemma 2.16. Let T be a tensor field T ∈ T rsM , radical-annihilator in the k-th covariant
slot, 1 ≤ k ≤ s, where r ≥ 0 and s ≥ 1. Then
T (ω1, . . . , ωr, X1, . . . , •, . . . , Xs)〈Xk, •〉
= T (ω1, . . . , ωr, X1, . . . , Xk, . . . , Xs).
(2.15)
Proof. Let’s work at a point p ∈ M , and consider first the case Tp ∈ T 01TpM , in fact,
Tp = ωp ∈ T •pM . Then, equation (2.15) becomes
ωp(•)〈Xp, •〉 = ωp(Xp). (2.16)
But ωp = Y
[
p for some vector Yp ∈ TpM , and ωp(•)〈Xp, •〉 = 〈〈ωp, X[p〉〉• = ω(Xp).
The general case results from the linearity of the tensor product.
Corollary 2.17. 〈X, •〉〈Y, •〉 = 〈X,Y 〉.
Proof. It is obtained by applying Lemma 2.16 to g ∈ A•(M)M A•(M).
Theorem 2.18. Let (M, g) be a singular semi-Riemannian manifold with constant sig-
nature. Let T ∈ T rsM , be a tensor field as in Lemma 2.16. Then
T (ω1, . . . , ωr, X1, . . . , •, . . . , •, . . . , Xs)
=
∑n
a=n−rank g+1
1
〈Ea, Ea〉T (ω1, . . . , ωr, X1, . . . , Ea, . . . , Ea, . . . , Xs),
(2.17)
for any X1, . . . , Xs ∈ X(M), ω1, . . . , ωr ∈ A1(M), where (Ea)na=1 is a local orthogonal
basis on M , so that E1, . . . , En−rank g ∈ X◦(M).
Proof. Since g• is diagonal and g•aa =
1
gaa
=
1
〈Ea, Ea〉 (Proposition 2.7),
g•abT (ω1, . . . , ωr, X1, . . . , Ea, . . . , Eb, . . . , Xs)
=
∑n
a=n−rank g+1
1
〈Ea, Ea〉T (ω1, . . . , ωr, X1, . . . , Ea, . . . , Ea, . . . , Xs).
The metric covariant contraction of a smooth tensor is smooth, except for the points
where the signature changes, where the inverse of the metric becomes divergent, as seen
in equation (2.7).
Example 2.5. Let p ∈ M . Then, 〈•, •〉p = rank gp. This is also an example of metric
covariant contraction which is discontinuous when the signature changes.
Example 2.6. Let X ∈ X(M) and ω ∈ A•(M). Then, C12(ω ⊗M X[) = 〈〈ω,X[〉〉• =
ω(X) is smooth, even if the signature is not constant.
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2.5 The Koszul object
Definition 2.19 (The Koszul object, see e.g. [120], p. 263). The object defined as
K : X(M)3 → R,
K(X,Y, Z) := 1
2
{X〈Y, Z〉+ Y 〈Z,X〉 − Z〈X,Y 〉
−〈X, [Y, Z]〉+ 〈Y, [Z,X]〉+ 〈Z, [X,Y ]〉}.
(2.18)
is called the Koszul object.
For non-degenerate metric, the Koszul object is nothing but the right hand side of the
Koszul formula
〈∇XY,Z〉 = K(X,Y, Z), (2.19)
which is used to construct the Levi-Civita connection, by raising the 1-form K(X,Y, )
(see e.g. [140], p. 61)
∇XY = K(X,Y, )]. (2.20)
This is not possible for degenerate metric. An alternative was proposed by Kupeli ([120],
p. 261–262). He defined the so-called Koszul derivatives, by raising the index with the
help of a distribution complementary to T ◦M , provided that (M, g) is a singular semi-
Riemannian manifold with metric of constant signature, which satisfies the condition
of radical-stationarity (Definition 2.27). His Koszul derivative is therefore not unique,
depending on the choice of the complementary distribution, and is not a connection.
By contrast, our method doesn’t rely on arbitrary constructions, and works even if the
metric changes its signature. We will only rely on the Koszul object.
2.5.1 Basic properties of the Koszul object
We prove here explicitly some properties of the Koszul object which will be useful in the
following, and which correspond to known properties of the Levi-Civita connection of a
non-degenerate metric (cf. e.g. [140], p. 61), but are valid even on singular manifolds,
where the Levi-Civita connection can’t be defined.
Theorem 2.20. Let (M, g) be a singular semi-Riemannian manifold. Then, its Koszul
object has, for any X,Y, Z ∈ X(M) and f ∈ F (M), the properties:
1. It is additive and R-linear in all of its arguments.
2. It is F (M)-linear in the first argument:
K(fX, Y, Z) = fK(X,Y, Z).
3. Satisfies the Leibniz rule:
K(X, fY, Z) = fK(X,Y, Z) +X(f)〈Y,Z〉.
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4. It is F (M)-linear in the third argument:
K(X,Y, fZ) = fK(X,Y, Z).
5. It is metric:
K(X,Y, Z) +K(X,Z, Y ) = X〈Y,Z〉.
6. It is symmetric or torsionless:
K(X,Y, Z)−K(Y,X,Z) = 〈[X,Y ], Z〉.
7. Relation with the Lie derivative of g:
K(X,Y, Z) +K(Z, Y,X) = (LY g)(Z,X),
where (LY g)(Z,X) := Y 〈Z,X〉 − 〈[Y,Z], X〉 − 〈Z, [Y,X]〉 is the Lie derivative of
g with respect to a vector field Y ∈ X(M).
8. K(X,Y, Z) +K(Y,Z,X) = Y 〈Z,X〉+ 〈[X,Y ], Z〉.
Proof. (1) It is a direct consequence of Definition 2.19, the fact that g is tensor, and the
linearity of the action of vector fields on scalars, and of the Lie brackets.
The other properties can also be proved by using the properties of g, of the action of
vector fields on scalars, of the Lie brackets, and of the Lie derivative, so we will give just
one example.
(2) 2K(fX, Y, Z) = fX〈Y, Z〉+ Y 〈Z, fX〉 − Z〈fX, Y 〉
−〈fX, [Y,Z]〉+ 〈Y, [Z, fX]〉+ 〈Z, [fX, Y ]〉
= fX〈Y, Z〉+ Y (f〈Z,X〉)− Z(f〈X,Y 〉)
−f〈X, [Y,Z]〉+ 〈Y, f [Z,X] + Z(f)X〉
+〈Z, f [X,Y ]− Y (f)X〉
= fX〈Y,Z〉+ fY 〈Z,X〉
+Y (f)〈Z,X〉 − fZ〈X,Y 〉
−Z(f)〈X,Y 〉 − f〈X, [Y,Z]〉+ f〈Y, [Z,X]〉
+Z(f)〈Y,X〉+ f〈Z, [X,Y ]〉 − Y (f)〈Z,X〉
= fX〈Y,Z〉+ fY 〈Z,X〉 − fZ〈X,Y 〉
−f〈X, [Y,Z]〉+ f〈Y, [Z,X]〉+ f〈Z, [X,Y ]〉
= 2fK(X,Y, Z)
Remark 2.21. Let (Ea)
n
a=1 ⊂ X(U) a local frame of vector fields on an open set U ⊆M .
Let gab = 〈Ea, Eb〉, and let C cab so that [Ea, Eb] = C cabEc. Then,
Kabc := K(Ea, Eb, Ec)
=
1
2
{Ea(gbc) + Eb(gca)− Ec(gab)− gasC sbc + gbsC sca + gcsC sab}.
(2.21)
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In the basis (Ea)
n
a=1, the equations (5 – 8) in Theorem 2.20 become:
(5′) Kabc +Kacb = Ea(gbc).
(7′) Kabc +Kcba = (LEbg)ca.
(6′) Kabc −Kbac = gscC sab.
(8′) Kabc +Kbca = Eb(gca) + gscC sab.
If Ea = ∂a :=
∂
∂xa
for all a ∈ {1, . . . , n}, then [∂a, ∂b] = 0, and the coefficients of the
Koszul object become Christoffel’s symbols of the first kind,
Kabc = K(∂a, ∂b, ∂c) = 1
2
(∂agbc + ∂bgca − ∂cgab). (2.22)
Corollary 2.22. Let X,Y ∈ X(M) be two vector fields. The map KXY : X(M)→ R
KXY (Z) := K(X,Y, Z) (2.23)
for any vector field Z ∈ X(M), is a differential 1-form.
Proof. Follows directly from Theorem 2.20, properties (1) and (4).
Corollary 2.23. Let X,Y ∈ X(M), and W ∈ X◦(M). Then
K(X,Y,W ) = K(Y,X,W ) = −K(X,W, Y ) = −K(Y,W,X). (2.24)
Proof. The first identity follows from Theorem 2.20, property (6), and the other two
from property (5).
2.6 The covariant derivative
In this section we will show that, even when the metric is degenerate, it is possible to
define in a canonical way the covariant derivative for differential forms which are radical
annihilator. We can use the Koszul object for a sort of covariant derivative, named here
lower covariant derivative, of vector fields, which associates to vector fields not vector
fields, but 1-forms. This means it doesn’t have the properties of a connection [112, 203],
but for our purpose will do the same job.
2.6.1 The lower covariant derivative of vector fields
Definition 2.24. Let X,Y ∈ X(M). The 1-form ∇[XY ∈ A1(M), defined by
(∇[XY )(Z) := K(X,Y, Z) (2.25)
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for any Z ∈ X(M), is called the lower covariant derivative of the vector field Y in the
direction of the vector field X. The operator
∇[ : X(M)× X(M)→ A1(M), (2.26)
which associates to each X,Y ∈ X(M) the differential 1-form ∇[XY , is called the lower
covariant derivative operator.
Remark 2.25. The lower covariant derivative is well defined even if the metric is degen-
erate. When applying the lower covariant derivative to a vector field we don’t obtain
another vector field, but a differential 1-form, so it is not exactly a covariant derivative.
If the metric is non-degenerate, one obtains the covariant derivative by ∇XY = (∇[XY )].
In [113], p. 464–465 were used similar objects which map vector fields to 1-forms.
Theorem 2.26. Let (M, g) be a a singular semi-Riemannian manifold. The lower
covariant derivative operator ∇[ has the properties:
1. It is additive and R-linear in both of its arguments.
2. It is F (M)-linear in the first argument:
∇[fXY = f∇[XY.
3. Satisfies the Leibniz rule:
∇[XfY = f∇[XY +X(f)Y [,
or, explicitly,
(∇[XfY )(Z) = f(∇[XY )(Z) +X(f)〈Y,Z〉.
4. It is metric:
(∇[XY )(Z) + (∇[XZ)(Y ) = X〈Y,Z〉.
5. It is symmetric or torsionless:
∇[XY −∇[YX = [X,Y ][,
or, explicitly,
(∇[XY )(Z)− (∇[YX)(Z) = 〈[X,Y ], Z〉.
6. Relation with the Lie derivative of g:
(∇[XY )(Z) + (∇[ZY )(X) = (LY g)(Z,X).
7. (∇[XY )(Z) + (∇[Y Z)(X) = Y 〈Z,X〉+ 〈[X,Y ], Z〉,
for any X,Y, Z ∈ X(M) and f ∈ F (M).
Proof. Follows directly from Theorem 2.20.
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2.6.2 Radical-stationary singular semi-Riemannian manifolds
Definition 2.27 (cf. [122] Definition 3.1.3). A singular semi-Riemannian manifold
(M, g) is radical-stationary if it satisfies the condition
K(X,Y, ) ∈ A•(M), (2.27)
for any X,Y ∈ X(M). Equivalently, K(X,Y,Wp) = 0 for any X,Y ∈ X(M) and
Wp ∈ X◦(Mp), p ∈M .
Remark 2.28. Kupeli introduced and studied the radical-stationary singular semi-Rie-
mannian manifolds of constant signature in [120], p. 259–260. In [122] Definition 3.1.3,
he called them “stationary singular semi-Riemannian manifolds”. We will call them
here “radical-stationary semi-Riemannian manifolds”, to avoid confusions with the more
spread usage of the term “stationary” for manifolds admitting a Killing vector field, and
particularly for spacetimes invariant at time translation. Kupeli needed them to ensure
the existence of what he called “Koszul derivative”, which is not needed in our invariant
approach.
Corollary 2.29. Let (M, g) be radical-stationary, and X,Y ∈ X(M) and W ∈ X◦(M).
Then,
K(X,Y,W ) = K(Y,X,W ) = −K(X,W, Y ) = −K(Y,W,X) = 0. (2.28)
Proof. It is a direct application of Corollary 2.23.
Remark 2.30. The manifold (M, g) is radical-stationary iff, for any X,Y ∈ X(M),
∇[XY ∈ A•(M). (2.29)
2.6.3 The covariant derivative of differential forms
When g is non-degenerate, the covariant derivative of a differential 1-form ω is
(∇Xω) (Y ) = X (ω(Y ))− ω (∇XY ) . (2.30)
To generalize this definition to the case of degenerate metrics, we have to replace
ω (∇XY ) with an expression which is well-defined even if the metric is degenerate, i.e.
ω (∇XY ) = K(X,Y, •)ω(•). (2.31)
This is defined on radical-stationary semi-Riemannian manifolds, if the 1-form ω is
radical-annihilator. This leads naturally to the definition:
Definition 2.31. Let (M, g) be a radical-stationary semi-Riemannian manifold. The
operator
(∇Xω) (Y ) := X (ω(Y ))− 〈〈∇[XY, ω〉〉•, (2.32)
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is called the covariant derivative of a radical-annihilator 1-form ω ∈ A•(M) in the
direction of a vector field X ∈ X(M).
Proposition 2.32. If ∇Xω is smooth, then ∇Xω ∈ A•(M).
Proof. Follows from Definition 2.31: (∇Xω) (W ) = X (ω(W ))− 〈〈∇[XW,ω〉〉• = 0.
Notation 2.33. If (M, g) is a radical-stationary semi-Riemannian manifold, then
A •1(M) = {ω ∈ A•(M)|(∀X ∈ X(M)) ∇Xω ∈ A•(M)}, (2.33)
A •k(M) :=
k∧
M
A •1(M), (2.34)
denote the vector spaces of differential forms having smooth covariant derivatives.
Theorem 2.34. Let (M, g) be a radical-stationary semi-Riemannian manifold. Then,
the covariant derivative operator ∇ of differential 1-forms has the following properties:
1. It is additive and R-linear in both of its arguments.
2. It is F (M)-linear in the first argument:
∇fXω = f∇Xω.
3. It satisfies the Leibniz rule:
∇Xfω = f∇Xω +X(f)ω.
4. It commutes with the lowering operator:
∇XY [ = ∇[XY ,
for any X,Y ∈ X(M), ω ∈ A•(M) and f ∈ F (M).
Proof. Property (1) follows directly from Theorem 2.26 and Definition 2.31.
(2) (∇fXω)(Y ) = fX (ω(Y ))− 〈〈∇[fXY, ω〉〉• = f(∇Xω)(Y ). (2.35)
(3) (∇Xfω)(Y ) = X (fω(Y ))− 〈〈∇[XY, fω〉〉•
= X(f)ω(Y ) + fX (ω(Y ))− f〈〈∇[XY, ω〉〉•
= f(∇Xω)(Y ) +X(f)ω(Y ).
(2.36)
(4) (∇XY [)(Z) = X
(
Y [(Z)
)− 〈〈∇[XZ, Y [〉〉•
= X〈Y,Z〉 − (∇[XZ)(Y )
= (∇[XY )(Z).
(2.37)
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Now we define the covariant derivative for tensors which are covariant and radical anni-
hilator in all their slots (including differential forms). The obtained formulae generalize
the corresponding ones from the non-degenerate case, see e.g. [82], p. 70).
Definition 2.35. Let (M, g) be a radical-stationary semi-Riemannian manifold. The
operator ∇ : X(M)×⊗sMA •1(M)→ ⊗sMA•1(M),
∇X(ω1 ⊗ . . .⊗ ωs) := ∇X(ω1)⊗ . . .⊗ ωs + . . .+ ω1 ⊗ . . .⊗∇X(ωs) (2.38)
is called the covariant derivative of tensors of type (0, s). In particular, for a differential
k-form, ∇ : X(M)×A •k(M)→ A•k(M),
∇X(ω1 ∧ . . . ∧ ωs) := ∇X(ω1) ∧ . . . ∧ ωs + . . .+ ω1 ∧ . . . ∧∇X(ωs). (2.39)
Theorem 2.36. Let (M, g) be a radical-stationary semi-Riemannian manifold. Then,
(∇XT ) (Y1, . . . , Yk) = X (T (Y1, . . . , Yk))
−∑ki=1K(X,Yi, •)T (Y1, , . . . , •, . . . , Yk). (2.40)
Proof. We will prove it for the case T = ω1⊗M . . .⊗M ωk, and extend by linearity. The
proof follows by applying the Definitions 2.35 and 2.31,
(∇XT )(Y1, . . . , Yk) = (∇Xω1)(Y1) · . . . · ωk(Yk) + . . .
+ω1(Y1) · . . . · (∇Xωk)(Yk)
= (X(ω1(Y1))− 〈〈∇[XY1, ω1〉〉•) · . . . · ωk(Yk) + . . .
+ω1(Y1) · . . . · (X(ωk(Yk))− 〈〈∇[XYk, ωk〉〉•)
= X(ω1(Y1)) · . . . · ωk(Yk) + . . .
+ω1(Y1) · . . . ·X(ωk(Yk))
−〈〈∇[XY1, ω1〉〉• · . . . · ωk(Yk)
−ω1(Y1) · . . . · 〈〈∇[XYk, ωk〉〉•
= X (T (Y1, . . . , Yk))
−
k∑
i=1
K(X,Yi, •)T (Y1, , . . . , •, . . . , Yk).
(2.41)
Corollary 2.37. Let (M, g) be a radical-stationary semi-Riemannian manifold. Then,
the metric g is parallel:
∇Xg = 0. (2.42)
Proof. We apply Theorems 2.36 and 2.20, property (5):
(∇Xg)(Y, Z) = X〈Y,Z〉 − K(X,Y, •)g(•, Z)−K(X,Z, •)g(Y, •) = 0. (2.43)
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2.6.4 Semi-regular semi-Riemannian manifolds
Definition 2.38. Let (M, g) be a singular semi-Riemannian manifold. If
∇[XY ∈ A •1(M) (2.44)
for any X,Y ∈ X(M), (M, g) is called semi-regular semi-Riemannian manifold.
Remark 2.39. Since A •1(M) ⊆ A•(M), any semi-regular semi-Riemannian manifold is
radical-stationary (cf. Definition 2.27).
Remark 2.40. From Definition 2.33, (M, g) is semi-regular iff for any X,Y, Z ∈ X(M),
∇X∇[Y Z ∈ A•(M). (2.45)
Proposition 2.41. A radical-stationary semi-Riemannian manifold (M, g) is semi-reg-
ular if and only if for any X,Y, Z, T ∈ X(M),
K(X,Y, •)K(Z, T, •) ∈ F (M). (2.46)
Proof. From Definition 2.31 follows that
(∇X∇[Y Z)(T ) = X
(
(∇[Y Z)(T )
)− 〈〈∇[XT,∇[Y Z〉〉•
= X
(
(∇[Y Z)(T )
)−K(X,T, •)K(Y,Z, •). (2.47)
2.7 Curvature of semi-regular semi-Riemannian manifolds
If the metric is non-degenerate, the curvature is constructed from the Levi-Civita con-
nection (cf. e.g. [140], p. 59). But there is no Levi-Civita connection if g is degenerate.
In this section we will propose another way to define the Riemann curvature tensor,
which works and is invariant even if the metric is degenerate.
Further, in §2.7.3, we will obtain the Ricci curvature tensor and the scalar curvature, by
using the metric contraction of the Riemann curvature tensor in two covariant indices,
introduced in section §2.4. For a degenerate metric, this covariant contraction requires
the Riemann curvature tensor to be radical-annihilator in all its slots. Luckily, this
condition holds.
2.7.1 Riemann curvature of semi-regular semi-Riemannian manifolds
Definition 2.42. Let (M, g) be a radical-stationary semi-Riemannian manifold. The
operator
R[XY Z := ∇X∇[Y Z −∇Y∇[XZ −∇[[X,Y ]Z, (2.48)
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for any vector fields X,Y, Z ∈ X(M), is called the lower Riemann curvature operator.
Theorem 2.43. Let (M, g) be a semi-regular semi-Riemannian manifold. The object
R(X,Y, Z, T ) := (R[XY Z)(T ), (2.49)
for any vector fields X,Y, Z, T ∈ X(M), is a smooth tensor field R ∈ T 04M .
Proof. The Riemann curvature R is additive and R-linear in all its arguments, due to
Theorem 2.26, property (1), and Theorem 2.34, property (1).
To show now that R isF (M)-linear in all its arguments, we check by using the properties
of the lower covariant derivative for vector fields (Theorem 2.26 properties (2)-(4)), and
those of the covariant derivative for differential 1-forms (Theorem 2.34, properties (2)-
(4)). It follows that for any function f ∈ F (M), R(fX, Y, Z, T ) = R(X, fY, Z, T ) =
R(X,Y, fZ, T ) = R(X,Y, Z, fT ) = fR(X,Y, Z, T ). For example,
R(fX, Y, Z, T ) = (∇fX∇[Y Z)(T )− (∇Y∇[fXZ)(T )− (∇[[fX,Y ]Z)(T )
= f(∇X∇[Y Z)(T )− (∇Y (f∇[XZ))(T )
−(∇[f [X,Y ]−Y (f)XZ)(T )
= f(∇X∇[Y Z)(T )− f(∇Y∇[XZ)(T )
−Y (f)(∇[XZ)(T )− f(∇[[X,Y ]Z)(T )
+Y (f)(∇[XZ)(T )
= fR(X,Y, Z, T ).
The smoothness of R follows from that of ∇[XZ, ∇[Y Z, and ∇[[X,Y ]Z.
Definition 2.44. The object from equation (2.49) is called the Riemann curvature
tensor. It generalizes the Riemann curvature tensor R(X,Y, Z, T ) := 〈RXY Z, T 〉 known
from semi-Riemannian geometry (cf. e.g. [140], p. 75).
Notation 2.45. We denote by R[ the map R[ : X(M)2 → T 02M ,
R[XY := ∇X∇[Y −∇Y∇[X −∇[[X,Y ], (2.50)
where, for any Z, T ∈ X(M),
R[XY (Z, T ) := (R[XY Z)(T ). (2.51)
2.7.2 The symmetries of the Riemann curvature tensor
The well-known symmetry properties of the Riemann curvature tensor of a non-degen-
erate metric (cf. e.g. [140], p. 75) can be extended to semi-regular metrics.
Proposition 2.46. Let (M, g) be a semi-regular semi-Riemannian manifold. Then, for
any X,Y, Z, T ∈ X(M), the Riemann curvature has the following symmetry properties
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1. R[XY = −R[Y X
2. R[XY (Z, T ) = −R[XY (T,Z)
3. R[Y ZX +R[ZXY +R[XY Z = 0
4. R[XY (Z, T ) = R[ZT (X,Y )
Proof.
(1) R[XY Z = ∇X∇[Y Z −∇Y∇[XZ −∇[[X,Y ]Z
= −R[Y XZ
(2) It is enough to prove that, for any V ∈ X(M),
R[XY (V, V ) = 0. (2.52)
Definition 2.31 and Theorem 2.26, property (4) implies that
(∇X∇[Y V )(V ) =
1
2
XY 〈V, V 〉 − 〈〈∇[XV,∇[Y V 〉〉•. (2.53)
Also Theorem 2.26, property (4), saids
(∇[[X,Y ]V )(V ) =
1
2
[X,Y ]〈V, V 〉
Hence,
R[XY (V, V ) =
1
2
X
(
(∇[Y V )(V )
)
− 〈〈∇[XV,∇[Y V 〉〉•
−1
2
Y
(
(∇[XV )(V )
)
+ 〈〈∇[Y V,∇[XV 〉〉•
−12 [X,Y ]〈V, V 〉 = 0
(3) We define the cyclic sum for any F : X(M)3 → A1(M) by
∑
	 F (X,Y, Z) := F (X,Y, Z) + F (Y,Z,X) + F (Z,X, Y ). (2.54)
Since it doesn’t change at cyclic permutations of X,Y, Z, from the properties of the
lower covariant derivative and from Jacobi’s identity,∑
	R[XY Z =
∑
	∇X∇[Y Z −
∑
	∇Y∇[XZ −
∑
	∇[[X,Y ]Z
=
∑
	∇X∇[Y Z −
∑
	∇X∇[ZY −
∑
	∇[[X,Y ]Z
=
∑
	∇X
(∇[Y Z −∇[ZY )−∑	∇[[X,Y ]Z
=
∑
	∇X [Y, Z][ −
∑
	∇[[X,Y ]Z
=
∑
	∇[X [Y, Z]−
∑
	∇[[Y,Z]X
=
∑
	[X, [Y,Z]]
[ = 0.
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(4) By applying (3) four times (just like in the proof of the properties of the curvature
for non-degenerate metric),
R[XY (Z, T ) + R[Y Z(X,T ) + R[ZX(Y, T ) = 0
R[Y Z(T,X) + R[ZT (Y,X) + R[TY (Z,X) = 0
R[ZT (X,Y ) + R[TX(Z, Y ) + R[XZ(T, Y ) = 0
R[TX(Y, Z) + R[XY (T,Z) + R[Y T (X,Z) = 0.
We sum, then divide by 2, and get:
R[XY (Z, T ) = R[ZT (X,Y ).
Corollary 2.47 (see [120], p. 270). Let (M, g) be a radical-stationary manifold. Then,
for any X,Y, Z ∈ X(M) and W ∈ X◦(M),
R(W,X, Y, Z) = R(X,W, Y, Z) = R(X,Y,W,Z) = R(X,Y, Z,W ) = 0. (2.55)
Proof. Since, for any X,Y, Z ∈ X(M), ∇X∇[Y Z ∈ A•(M) (Remark 2.40), and ∇[XY ∈
A•(M) (Remark 2.30), we get R(X,Y, Z,W ) = 0. The other identities follow from the
symmetry properties (1) and (4) from Theorem 2.46.
2.7.3 Ricci curvature tensor and scalar curvature
Definition 2.48. Let (M, g) be a radical-stationary semi-Riemannian manifold. Then,
Ric(X,Y ) := R(X, •, Y, •), (2.56)
for any X,Y ∈ X(M), is called the Ricci curvature tensor. If the metric has constant
signature, the Ricci tensor is smooth.
Proposition 2.49. The Ricci curvature tensor on a radical-stationary semi-Riemannian
manifold with constant signature is symmetric:
Ric(X,Y ) = Ric(Y,X) (2.57)
for any X,Y ∈ X(M).
Proof. From Proposition 2.46, for anyX,Y, Z, T ∈ X(M), R(X,Y, Z, T ) = R(Z, T,X, Y ).
Hence, Ric(X,Y ) = Ric(Y,X) (like in the non-degenerate case (cf. e.g. [140], p.
87)).
Definition 2.50. Let (M, g) be a radical-stationary semi-Riemannian manifold. Then,
s := Ric(•, •) (2.58)
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is called the scalar curvature. It is smooth if the metric has constant signature.
2.8 Relation with Kupeli’s curvature function
Subsection §2.8.1 contains a useful formula for the Riemann curvature, in terms of the
Koszul object.
Subsection §2.8.2 contains a comparison of our Riemann curvature, and Kupeli’s curva-
ture function associated to the (non-unique) Koszul derivative ∇ [120]. We show that
his curvature coincides to our Riemann curvature tensor, introduced in an invariant way
in §2.7.
2.8.1 Riemann curvature in terms of the Koszul object
Proposition 2.51. Let (M, g) be a semi-regular semi-Riemannian manifold. For any
vector fields X,Y, Z, T ∈ X(M),
R(X,Y, Z, T ) = X
(
(∇[Y Z)(T )
)− Y ((∇[XZ)(T ))− (∇[[X,Y ]Z)(T )
+〈〈∇[XZ,∇[Y T 〉〉• − 〈〈∇[Y Z,∇[XT 〉〉•.
(2.59)
Equivalently,
R(X,Y, Z, T ) = XK(Y,Z, T )− YK(X,Z, T )−K([X,Y ], Z, T )
+K(X,Z, •)K(Y, T, •)−K(Y, Z, •)K(X,T, •).
(2.60)
Proof. From Definition 2.31 we obtain
(∇X∇[Y Z)(T ) = X
(
(∇[Y Z)(T )
)
− 〈〈∇[XT,∇[Y Z〉〉•, (2.61)
hence, for any vector fields X,Y, Z, T ∈ X(M)
R(X,Y, Z, T ) = (∇X∇[Y Z)(T )− (∇Y∇[XZ)(T )− (∇[[X,Y ]Z)(T )
= X
(
(∇[Y Z)(T )
)− Y ((∇[XZ)(T ))− (∇[[X,Y ]Z)(T )
+〈〈∇[XZ,∇[Y T 〉〉• − 〈〈∇[Y Z,∇[XT 〉〉•.
(2.62)
The formula (2.60) follows from Definition 2.24.
Remark 2.52. In a coordinate basis, the components of Riemann’s curvature tensor are
Rabcd = ∂aKbcd − ∂bKacd + g•st(KacsKbdt −KbcsKadt). (2.63)
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Proof.
R(∂a, ∂b, ∂c, ∂d) = ∂aK(∂b, ∂c, ∂d)− ∂bK(∂a, ∂c, ∂d)−K([∂a, ∂b], ∂c, ∂d)
+K(∂a, ∂c, •)K(∂b, ∂d, •)−K(∂b, ∂c, •)K(∂a, ∂d, •)
= ∂aKbcd − ∂bKacd + g•st(KacsKbdt −KbcsKadt)
(2.64)
2.8.2 Relation with Kupeli’s curvature function
Demir Kupeli showed that for a radical-stationary semi-Riemannian manifold with con-
stant signature (M, g), there is always a Koszul derivative ∇[120]. From its curvature
function R∇ one can construct a tensor field 〈R∇( , ) , 〉. We will see that, for a radical-
stationary semi-Riemannian manifold, 〈R∇( , ) , 〉 coincides to the Riemann curvature
tensor from Definition 2.44.
Definition 2.53 (Koszul derivative, cf. Kupeli [120], p. 261). Let (M, g) be a radical-
stationary semi-Riemannian manifold with constant signature. A Koszul derivative on
(M, g) is an operator ∇ : X(M)× X(M)→ X(M) which satisfies
〈∇XY, Z〉 = K(X,Y, Z). (2.65)
Remark 2.54 (cf. Kupeli [120], p. 262). The Koszul derivative corresponds, for the non-
degenerate case, to the Levi-Civita connection. If g is degenerate, the Koszul derivative
is not unique.
Definition 2.55 (Curvature function, cf. Kupeli [120], p. 266). Let ∇ be a Koszul
derivative on a radical-stationary semi-Riemannian manifold (M, g) with constant sig-
nature. Then, the map R∇ : X(M)× X(M)× X(M)→ X(M), defined by
R∇(X,Y )Z := ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z (2.66)
is called the curvature function of ∇.
Remark 2.56. In [120], p. 266-268, it is shown that 〈R∇( , ) , 〉 ∈ T 04M and it has the
same symmetry properties as the Riemann curvature tensor of a Levi-Civita connection.
Theorem 2.57. Let (M, g) be a radical-stationary semi-Riemannian manifold with con-
stant signature, and ∇ a Koszul derivative on M . The Riemann curvature tensor is
related to the curvature function, for any X,Y, Z, T ∈ X(M), by
〈R∇(X,Y )Z, T 〉 = R(X,Y, Z, T ). (2.67)
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Proof. We apply Theorem 2.20, Definition 2.55, Lemma 2.16, and the Koszul formula
for the Riemann curvature tensor (2.60), and we obtain
〈R∇(X,Y )Z, T 〉 = 〈∇X∇Y Z, T 〉 − 〈∇Y∇XZ, T 〉 − 〈∇[X,Y ]Z, T 〉
= X〈∇Y Z, T 〉 − 〈∇Y Z,∇XT 〉
−Y 〈∇XZ, T 〉+ 〈∇XZ,∇Y T 〉 − 〈∇[X,Y ]Z, T 〉
= XK(Y, Z, T )−K(Y,Z, •)K(X,T, •)
−YK(X,Z, T ) +K(X,Z, •)K(Y, T, •)
−K([X,Y ], Z, T )
= R(X,Y, Z, T ).
2.9 Examples of semi-regular semi-Riemannian manifolds
2.9.1 Diagonal metric
Let (M, g) be a singular semi-Riemannian manifold. We assume that, around each
point p ∈ M , there is a local coordinate system in which the metric is diagonal, g =
diag(g11, . . . , gnn). From equation (2.22), 2Kabc = ∂agbc + ∂bgca − ∂cgab. Because g
is diagonal, remain only the possibilities Kbaa = Kaba = −Kaab = 12∂bgaa, for a 6= b,
and Kaaa = 12∂agaa. The condition that the manifold (M, g) is radical-stationary is
equivalent to the condition that, if gaa(q) = 0, ∂bgaa(q) = ∂agbb(q) = 0, for any q ∈M .
By Proposition 2.41, (M, g) is a semi-regular manifold if and only if
∑
s∈{1,...,n}
gss 6=0
∂agss∂bgss
gss
,
∑
s∈{1,...,n}
gss 6=0
∂sgaa∂sgbb
gss
,
∑
s∈{1,...,n}
gss 6=0
∂agss∂sgbb
gss
(2.68)
are smooth. It is easy to check that this can be ensured for example if
√|gaa| and the
functions u, v : M → R defined as
u(p) :=

∂bgaa√|gaa| gaa 6= 0
0 gaa = 0
and v(p) :=

∂agbb√|gaa| gaa 6= 0
0 gaa = 0
(2.69)
are smooth for all a, b ∈ {1, . . . , n}.
If the metric has the form g =
∑
a εaα
2
adx
a ⊗ dxa, where εa ∈ {−1, 1}, then g is
semi-regular if there is a function fabc ∈ F (M) with supp(fabc) ⊆ supp(αc) for any
c ∈ {a, b} ⊂ {1, . . . , n}, and
∂aα
2
b = fabcαc. (2.70)
If c = b, from ∂aα
2
b = 2αb∂aαb follows that the function is fabb = 2∂aαb. This has
to satisfy, in addition, the condition ∂aαb = 0 whenever αb = 0. The condition
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supp(fabc) ⊆ supp(αc) is required because in order to be semi-regular, (M, g) has to
be radical-stationary.
2.9.2 Isotropic singularities
Definition 2.58. Let (M, g) be a singular semi-Riemannian manifold. If there is a non-
degenerate semi-Riemannian metric g˜ on M and a smooth function Ω ∈ F (M), Ω ≥ 0,
so that g(X,Y ) = Ω2g˜(X,Y ) for any X,Y ∈ X(M), (M, g) is said to be conformally
non-degenerate, and is alternatively denoted by (M, g˜,Ω).
Proposition 2.59. [Generalizing a proposition (cf. e.g. [94], p. 42) to the degenerate
case] Let (M, g˜,Ω) be a conformally non-degenerate singular semi-Riemannian manifold
with the Koszul object of g = Ω2g˜ denoted by K, and that of g˜ by K˜. Then,
K(X,Y, Z) = Ω2K˜(X,Y, Z) + Ω [g˜(Y, Z)X + g˜(X,Z)Y − g˜(X,Y )Z] (Ω) (2.71)
Proof. Follows from the Koszul formula,
K(X,Y, Z) = 1
2
{Ω2X(g˜(Y,Z)) + g˜(Y, Z)X(Ω2) + Ω2Y (g˜(X,Z))
+g˜(X,Z)Y (Ω2)− Ω2Z(g˜(X,Y ))− g˜(X,Y )Z(Ω2)
−Ω2g˜(X, [Y,Z]) + Ω2g˜(Y, [Z,X]) + Ω2g˜(Z, [X,Y ])}
= Ω2K˜(X,Y, Z) + 1
2
{g˜(Y,Z)X(Ω2)
+g˜(X,Z)Y (Ω2)− g˜(X,Y )Z(Ω2)}
= Ω2K˜(X,Y, Z) + Ω[g˜(Y,Z)X
+g˜(X,Z)Y − g˜(X,Y )Z](Ω)
Theorem 2.60. Let (M, g˜,Ω) be a conformally non-degenerate singular semi-Riemann-
ian manifold. Then, (M, g = Ω2g˜) is a semi-regular semi-Riemannian manifold.
Proof. At any point, the metric g is either non-degenerate, or 0. Hence, (M, g) is radical-
stationary.
Let (Ea)
n
a=1 be a local frame of vector fields orthonormal with respect to the non-
degenerate metric g˜, on an open U ⊆M . Then, g is diagonal in (Ea)na=1.
From proposition 2.59, the Koszul object is of the form K(X,Y, Z) = Ωh(X,Y, Z), where
h(X,Y, Z) = ΩK˜(X,Y, Z) + [g˜(Y, Z)X + g˜(X,Z)Y − g˜(X,Y )Z] (Ω) (2.72)
is a smooth function of X,Y, Z. If Ω = 0, then h(X,Y, Z) = 0, because ΩK˜(X,Y, Z) = 0,
and the other term is a sum of partial derivatives of Ω, which vanish when Ω = 0, being
a minimum.
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From Theorem 2.18, for any X,Y, Z, T ∈ U , on regions of constant signature,
K(X,Y, •)K(Z, T, •) =
∑n
a=r
K(X,Y,Ea)K(Z, T,Ea)
g(Ea, Ea)
=
∑n
a=r
Ω2h(X,Y,Ea)h(Z, T,Ea)
Ω2g˜(Ea, Ea)
=
∑n
a=1
h(X,Y,Ea)h(Z, T,Ea)
g˜(Ea, Ea)
,
(2.73)
where r = n − rank g + 1. If Ω = 0, then h(X,Y, Z) = 0, that’s why the last member
is independent on r. Hence, K(X,Y, •)K(Z, T, •) ∈ F (M), and Proposition 2.41 saids
that (M, g) is semi-regular.
2.10 Cartan’s structural equations for degenerate metric
In semi-Riemannian geometry (with non-degenerate metric), there is an important re-
lation between a connection and its curvature, in terms of the moving frames, captured
in a compact way in Cartan’s structural equations. Cartan’s first structural equation
expresses, by the means of the connection, the rotation of a moving coframe, due to the
displacement in one direction.
But if the fundamental tensor becomes degenerate, we have to avoid the metric connec-
tion and its curvature operator, and the local orthonormal frames and coframes, which
no longer exist.
In this section we show that we can construct in a canonical way geometric objects
similar to Cartan’s connection and curvature forms, based only on the metric. We
obtain structure equations similar to those of Cartan, which are identical to them if the
metric is non-degenerate. Along the way to this goal, we will obtain a compact version
of the Koszul formula.
In §2.10.1, the connection forms are introduced, and from them is derived the first
structural equation for radical-stationary manifolds. In §2.10.2, the curvature forms are
defined, and the second structural equation for radical-stationary manifolds is obtained.
2.10.1 The first structural equation
2.10.1.1 The decomposition of the Koszul object
Lemma 2.61. Let (M, g) be a singular semi-Riemannian manifold. The Koszul object
(2.18) can be decomposed as
2K(X,Y, Z) = (dY [)(X,Z) + (LY g)(X,Z). (2.74)
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Proof. Follows immediately from the Lie derivative of g, and from the exterior derivative
of Y [,
(dY [)(X,Z) = X
(
Y [(Z)
)− Z (Y [(X))− Y [([X,Z])
= X〈Y,Z〉 − Z〈X,Y 〉+ 〈Y, [Z,X]〉.
Corollary 2.62. The following property of the Koszul object (2.18) holds
(dY [)(X,Z) = K(X,Y, Z)−K(Z, Y,X). (2.75)
Proof. Follows immediately from Lemma 2.61 and Theorem 2.20.
2.10.1.2 The connection forms
Let (M, g) be a semi-Riemannian manifold. If (Ea)
n
a=1 is a local orthonormal frame on
M with respect to g, its dual (ωb)nb=1, where ω
b(Ea) = δ
b
a, is orthonormal. The 1-forms
ωa
b, 1 ≤ a, b ≤ n, where
ωa
b(X) := ωb(∇XEa) (2.76)
are named the connection forms (cf.e.g.[141]) 1.
For a degenerate metric g, the Levi-Civita connection ∇X with respect to g, and hence
∇XEa, don’t exist. Moreover, a frame (Ea)na=1 cannot be orthonormal (with respect to
g), but it can be orthogonal. But even so, the dual frame (ωb)nb=1 cannot be orthogonal,
because the metric g•(ω, τ) is defined only for T •M , and not for the full T ∗M . We will
see here a way to define connection 1-forms for the degenerate case.
Definition 2.63. Let (M, g) be a singular manifold, and X,Y ∈ X(M). The 1-form
ωXY (Z) := K(Z,X, Y ) (2.77)
is named the connection form associated to the metric g and the vector fields X,Y . We
also define ωab by
ωab(Z) := ωEaEb(Z). (2.78)
Remark 2.64. It is easy to see that ωXY is 1-form, because K is linear, and F (M)-linear
in the first argument.
2.10.1.3 The first structural equation
Let (M, g) be a radical-stationary manifold.
1Here the indices a, b don’t represent the components, they label the connection 1-forms ωa
b.
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Lemma 2.65. The following equation holds
dX[ = ωX• ∧ •[, (2.79)
where ωX• ∧ •[ is the metric contraction of ωXY ∧ Z[ in Y,Z. Equation (2.79) is called
the first structural equation determined by the metric g.
Proof. From the formula (2.18) and the Lemma 2.61,
(dX[)(Y,Z) = K(Y,X,Z)−K(Z,X, Y ). (2.80)
By substituting (2.76),
(dX[)(Y, Z) = ωXZ(Y )− ωXY (Z). (2.81)
The properties of the metric contraction, and the property of (M, g) of being radical-
stationary, allow us to write
ωY Z(X) = ωY •(X)〈•, Z〉 = ωY •(X)
(
•[(Z)
)
=
(
ωY • ⊗ •[
)
(X,Z).
(2.82)
Hence, equation (2.81) writes
(dX[)(Y,Z) =
(
ωX• ⊗ •[
)
(Y,Z)− (ωX• ⊗ •[) (Z, Y )
=
(
ωX• ∧ •[
)
(Y, Z).
(2.83)
Corollary 2.66. Let (M, g) be a semi-Riemannian manifold, (Ea)
n
a=1 an orthonormal
frame, and (ωa)na=1 its dual. Then
dωa = −ωsa ∧ ωs. (2.84)
Proof. From Theorem 2.20:(5), follows that
ωEaEb(X) + ωEbEa(X) = X〈Ea, Eb〉 = X(δab) = 0, (2.85)
and hence
ωEaEb = −ωEbEa . (2.86)
From equation (2.79),
dE[a = ωEaEs ∧ ωs. (2.87)
Equation (2.84) follows from ωEaEs = −ωEsEa and ωa = E[a.
Remark 2.67. At points where the metric changes its signature, continuity is not ensured,
unless the manifold (M, g) is semi-regular.
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2.10.2 The second structural equation
2.10.2.1 The curvature forms
Definition 2.68. Let (M, g) be a radical-stationary manifold, and X,Y ∈ X(M) two
vector fields. Then, the 2-form
ΩXY (Z, T ) := R(X,Y, Z, T ), (2.88)
where Z, T ∈ X(M), is called the Riemann curvature form associated to the metric g
and the vector fields X,Y . If (Ea)
n
a=1 is a frame field, we make the notation
Ωab(Z, T ) := ΩEaEb(Z, T ). (2.89)
2.10.2.2 The second structural equation
Lemma 2.69. Let (M, g) be a radical-stationary manifold, and X,Y ∈ X(M) two vec-
tor fields. Then, the following equation (which we call the second structural equation
determined by the metric g) holds
ΩXY = dωXY + ωX• ∧ ωY • . (2.90)
Proof. The exterior derivative of ωXY is
dωXY (Z, T ) = Z (ωXY (T ))− T (ωXY (Z))− ωXY ([T,Z])
= ZK(T,X, Y )− TK(Z,X, Y )−K([T,Z], X, Y ). (2.91)
Also,
(ωX• ∧ ωY •) (Z, T ) = ωX•(Z)ωY •(T )− ωX•(T )ωY •(Z)
= K(Z,X, •)K(T, Y, •)−K(T,X, •)K(Z, Y, •).
(2.92)
Equation (2.90) follows by plugging the identities (2.91) and (2.92) in (2.60).
2.11 Degenerate warped products
A large and important class of semi-regular singularities is given by degenerate warped
products of manifolds, with fundamental tensor allowed to be degenerate. We show
that a degenerate warped product of semi-regular manifolds is a semi-regular manifold,
provided that the warping function satisfies a certain condition. We express the main
geometric objects on the warped product in terms of those of the factor manifolds.
We provide examples of semi-regular manifolds, obtained as as warped products. The
techniques developed here will be applied to singularities in General Relativity, in the
remaining part of the Thesis.
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2.11.1 Introduction
The warped product is used to construct new examples of semi-Riemannian manifolds
from known ones [21, 27, 140, 152]. In General Relativity, it is used in the study of black
holes and cosmological models. When the warping function becomes 0, the metric of
the product manifold becomes degenerate, singularities appear, and semi-Riemannian
geometry can’t be applied. Luckily, we will see that the tools developed here can be
applied at those singularities.
The degenerate warped products of singular manifolds are defined in §2.11.2. We derive
simple properties of the Koszul object of the warped product in terms of the Koszul
object of the factors. In §2.11.3 we prove that the warped products of radical-stationary
manifolds are also radical-stationary, if the warping function satisfies a certain condition.
Then, we show a similar result for semi-regular manifolds. We express, in §2.11.4, the
curvature of semi-regular warped products in terms of the factor manifolds.
Before starting, let’s recall some notions about the product manifold B × F of two
differentiable manifolds, B and F (cf. e.g. [140], p. 24–25).
Let p = (p1, p2) ∈M1 ×M2. At p, the tangent space decomposes as
T(p1,p2)(M1 ×M2) ∼= T(p1,p2)(M1)⊕ T(p1,p2)(M2), (2.93)
where T(p1,p2)(M1) := T(p1,p2)(M1 × p2) and T(p1,p2)(M2) := T(p1,p2)(p1 ×M2).
Let pii : M1 ×M2 → Mi, for i ∈ {1, 2}, be the canonical projections. The following
definitions apply to each i ∈ {1, 2}. Let fi ∈ F (Mi). The scalar field f˜i := fi ◦ pii ∈
X(M1 ×M2) is called the lift of the scalar field fi. Let Xi ∈ X(Mi) be a vector field.
Then, the unique vector field X˜i on M1×M2 satisfying dpii(X˜i) = Xi is called the lift of
the vector field. Let L(M,Mi) denote the set of all vector fields X ∈ X(M1×M2) which
are lifts of vector fields Xi ∈ X(Mi).
2.11.2 General properties
Definition 2.70 (generalizing [140], p. 204). Let (B, gB) and (F, gF ) be two singular
manifolds, and f ∈ F (B) a smooth function. The manifold
B ×f F :=
(
B × F, pi∗B(gB) + (f ◦ piB)pi∗F (gF )
)
, (2.94)
where piB : B × F → B and piF : B × F → F are the canonical projections, is called the
warped product of B and F with warping function f . We call B the base and F the fiber
of the warped product B ×f F .
For all vector fields XB, YB ∈ X(B) and XF , YF ∈ X(F ), we will use the notations
〈XB, YB〉B := gB(XB, YB) and 〈XF , YF 〉F := gF (XF , YF ). For any point p ∈ B×F and
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for any pair of tangent vectors x, y ∈ Tp(B × F ), the metric is
〈x, y〉 = 〈dpiB(x), dpiB(y)〉B + f2(p)〈dpiF (x), dpiF (y)〉F , (2.95)
or
ds2B×F = ds
2
B + f
2ds2F . (2.96)
Remark 2.71. The Definition 2.70 generalizes the usual warped product definition, given
for the case when both gB and gF are non-degenerate and f > 0 (see [27], [21] and [140]),
to the case of singular semi-Riemannian manifolds. We import some terms from [140],
p. 204–205. If pB ∈ B, the semi-Riemannian manifold pi−1B (pB) = pB × F is named
the fiber through pB. If pF ∈ F , the semi-Riemannian manifold pi−1F (pF ) = B × pF
is called the leave through pF . piB|B×pF is an isometry onto B, and, if f(pB) 6= 0,
piF |pB×F is a homothety onto F . For any (pB, pF ) ∈ B × F , B × pF and pB × F are
orthogonal at (pB, pF ). For simplicity, we will use sometimes the same notation for
the vector and its lift, if they can be distinguished from the context. For example,
〈V,W 〉F := 〈piF (V ), piF (W )〉F for V,W ∈ L(B × F, F ).
Some of the properties of the Levi-Civita connection for the warped product of (non-
degenerate) semi-Riemannian manifolds (cf. e.g. [140], p. 206) can be rewritten in
terms of the Koszul object, being thus extended to the degenerate case. We need this,
because the Levi-Civita connection is not defined for degenerate metric.
Proposition 2.72. Let B ×f F be a warped product, let X,Y, Z ∈ L(B × F,B), and
U, V,W ∈ L(B × F, F ). The Koszul object K on B ×f F can be expressed, in terms of
the lifts KB,KF of the Koszul objects on B, respectively F , by the following formulae
1. K(X,Y, Z) = KB(X,Y, Z).
2. K(X,Y,W ) = K(X,W, Y ) = K(W,X, Y ) = 0.
3. K(X,V,W ) = K(V,X,W ) = −K(V,W,X) = f〈V,W 〉FX(f).
4. K(U, V,W ) = f2KF (U, V,W ).
Proof. For X,Y, Z ∈ L(B × F,B) and U, V,W ∈ L(B × F, F ), it is easy to check that
〈X,V 〉 = 0, [X,V ] = 0, V 〈X,Y 〉 = 0, and X〈V,W 〉 = 2f〈V,W 〉FX(f) (similar to [140]).
The properties (1) and (4) follow immediately from the properties of the lifts of vector
fields, Definition 2.19, and equation (2.95).
(2) From 〈Y,W 〉 = 〈W,X〉 = 〈W, [X,Y ]〉 = 0, [Y,W ] = [W,X] = 0, and W 〈X,Y 〉 = 0,
follows that K(X,Y,W ) = 0.
Since K(X,W, Y ) = X〈W,Y 〉 − K(X,Y,W ), follows that K(X,W, Y ) = 0.
Because K(W,X, Y ) = K(X,W, Y )− 〈[X,W ], Y 〉, we have K(W,X, Y ) = 0.
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(3) Property (2) implies thatK(X,V,W ) = 1
2
X〈V,W 〉 = f〈V,W 〉FX(f). FromK(V,X,W ) =
K(X,V,W )− 〈[X,V ],W 〉 and [X,V ] = 0, follows that K(V,X,W ) = f〈V,W 〉FX(f).
It is simple to see that K(V,W,X) = V 〈W,X〉 − K(V,X,W ), but since 〈W,X〉 = 0, it
follows that K(V,W,X) = −f〈V,W 〉FX(f).
In the following, we study some properties of the degenerate warped products, while
allowing the warping function f to vanish or change sign, and (B, gB) and (F, gF ) to be
singular and with variable signature.
2.11.3 Warped products of semi-regular manifolds
Theorem 2.73. Let (B, gB) and (F, gF ) be radical-stationary manifolds, and f ∈ F (B)
so that df ∈ A•(B). Then, the degenerate warped product B×f F is a radical-stationary
manifold.
Proof. We need to prove that K(X,Y,W ) = 0, for any X,Y ∈ X(B ×f F ) and W ∈
X◦(B×fF ). It is enough to do this for the lifts of vector fields XB, YB,WB ∈ L(B×F,B),
XF , YF ,WF ∈ L(B × F, F ), where WB,WF ∈ X◦(B ×f F ).
Proposition 2.72 implies
• K(XB, YB,WB) = KB(XB, YB,WB) = 0,
• K(XB, YB,WF ) = K(XB, YF ,WB) = K(XF , YB,WB) = 0,
• K(XB, YF ,WF ) = K(YF , XB,WF ) = f〈YF ,WF 〉FXB(f) = 0, since 〈YF ,WF 〉F = 0,
• K(XF , YF ,WB) = −f〈XF , YF 〉FWB(f) = 0, from WB(f) = 0,
• K(XF , YF ,WF ) = f2KF (XF , YF ,WF ) = 0.
Theorem 2.74. Let (B, gB) and (F, gF ) be two semi-regular manifolds, and let f ∈
F (B) be a smooth function so that df ∈ A •1(B). Then, the warped product B ×f F is
a semi-regular manifold.
Proof. By Theorem 2.73, all contractions of the form K(X,Y, •)K(Z, T, •) are well de-
fined. Proposition 2.41 implies that it is enough to show that they are smooth. It is
enough to prove it for lifts of vector fieldsXB, YB, ZB, TB ∈ L(B×F,B), XF , YF , ZF , TF ∈
L(B × F, F ). Let •B and •F denote the symbol for the contraction on B, respectively
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F . Then, Proposition 2.72 implies:
K(XB, YB, •)K(ZB, TB, •) = K(XB, YB, •B)K(ZB, TB, •B)
+K(XB, YB, •F )K(ZB, TB, •F )
= KB(XB, YB, •B)KB(ZB, TB, •B) ∈ F (B ×f F ),
K(XB, YB, •)K(ZF , TB, •) = K(XB, YB, •)K(ZB, TF , •)
= K(XB, YB, •B)K(ZB, TF , •B)
+K(XB, YB, •F )K(ZB, TF , •F ) = 0.
The other cases are obtained similarly.
Corollary 2.75. Let (B, gB) be a non-degenerate manifold, and f ∈ F (B). If (F, gF ) is
a radical-stationary (semi-regular) manifold, then B ×f F is a radical-stationary (semi-
regular) manifold. In particular, if (B, gB) and (F, gF ) are non-degenerate, and f ∈
F (B), then B ×f F is semi-regular.
Proof. If (B, gB) is non-degenerate, any function f ∈ F (B) satisfies df ∈ A•(B) and
df ∈ A •1(B). Theorems 2.73 and 2.74 imply the desired result.
The warped product of (non-degenerate) semi-Riemannian manifolds stays non-degen-
erate for f > 0. If f → 0, the known formulate show that the connection ∇ ([140], p.
206–207), the Riemann curvature R∇ ([140], p. 209–210), the Ricci tensor Ric and the
scalar curvature s ([140], p. 211) diverge in general.
2.11.4 Riemann curvature of semi-regular warped products
Let (B, gB) and (F, gF ) be two semi-regular manifolds, f ∈ F (B) a smooth function so
that df ∈ A •1(B), and B ×f F the warped product of B and F . In this section we
will find the relation between the Riemann curvature of the warped product in terms of
that on the factors. To work in the degenerate case, the resulting formulae have to be in
terms of the curvature tensor Rabcd. They became, in the non-degenerate case, similar
to those in (cf. [140], p. 210–211) for the curvature operator Rabcd..
Definition 2.76. Let (M, g) be a semi-regular manifold, and f ∈ F (B), so that df ∈
A •1(M). The smooth tensor field Hf ∈ T 02M defined by Hf (X,Y ) := (∇Xdf) (Y ), for
any X,Y ∈ X(M), is called the Hessian of f .
Theorem 2.77. Let (B, gB) and (F, gF ) be two semi-regular manifolds, f ∈ F (B) a
smooth function so that df ∈ A •1(B). Let RB, RF be the lifts of the curvature tensors
of B and F . Let X,Y, Z, T ∈ L(B × F,B), U, V,W,Q ∈ L(B × F, F ), and let Hf be the
Hessian of f . Then:
1. R(X,Y, Z, T ) = RB(X,Y, Z, T ),
2. R(X,Y, Z,Q) = 0, R(X,Y,W,Q) = 0, R(U, V, Z,Q) = 0,
Singular semi-Riemannian manifolds 38
3. R(X,V,W, T ) = −fHf (X,T )〈V,W 〉F
4. R(U, V,W,Q) =RF (U, V,W,Q)
+ f2〈〈df, df〉〉•B
(〈U,W 〉F 〈V,Q〉F − 〈V,W 〉F 〈U,Q〉F ),
the other cases following from the symmetries of the curvature tensor.
Proof. We will use the formula (2.60) for the curvature. Let • denote the covariant
metric contraction on B ×f F , and B• , F• , the contractions on B, respectively F . From
Proposition 2.72, (2),
R(X,Y, Z, T ) = XK(Y,Z, T )− YK(X,Z, T )−K([X,Y ], Z, T )
+K(X,Z,B• )K(Y, T,B• )−K(Y,Z,B• )K(X,T,B• )
= RB(X,Y, Z, T ).
Similarly, R(X,Y, Z,Q) = 0 and R(X,Y,W,Q) = 0. From Proposition 2.72, (3) and (4),
equation (2.18), and since the contraction on F cancels the coefficient f2 of K(U, V,W )F ,
we obtain
R(U, V, Z,Q) = U (f〈V,Q〉FZ(f))− V (f〈U,Q〉FZ(f))
−f〈[U, V ], Q〉FZ(f)
+K(U,Z,B• )K(V,Q,B• )−K(V,Z,B• )K(U,Q,B• )
+K(U,Z, F• )K(V,Q, F• )−K(V,Z, F• )K(U,Q, F• )
= fZ(f) (U〈V,Q〉F − V 〈U,Q〉F − 〈[U, V ], Q〉F )
+K(U,Z, F• )K(V,Q, F• )F −K(V,Z, F• )K(U,Q, F• )F
= fZ(f) (U〈V,Q〉F − V 〈U,Q〉F − 〈[U, V ], Q〉F )
+f〈U, F• 〉FZ(f)K(V,Q, F• )F − f〈V, F• 〉FZ(f)K(U,Q, F• )F
= fZ(f)(U〈V,Q〉F − V 〈U,Q〉F − 〈[U, V ], Q〉F )
+K(V,Q,U)F −K(U,Q, V ))F = 0.
From Definition 2.76 and Proposition 2.72,
R(X,V,W, T ) = −X (fT (f)〈V,W 〉F )
+f〈V,W 〉Fdf(•)K(X,T,B• )B +X(f)〈W, F• 〉FT (f)〈V, F• 〉F
= −X(f)T (f)〈V,W 〉F − fX(T (f))〈V,W 〉F
+f〈V,W 〉FK(X,T,B• )Bdf(B• ) +X(f)T (f)〈W,V 〉F
= f〈V,W 〉F
[
K(X,T,B• )Bdf(B• )−X〈T, grad f〉B
]
= −fHf (X,T )〈V,W 〉F ,
R(U, V,W,Q) = RF (U, V,W,Q)
+K(U,W,B• )K(V,Q,B• )−K(V,W,B• )K(U,Q,B• )
= RF (U, V,W,Q) + f
2〈U,W 〉Fdf(B• )〈V,Q〉Fdf(B• )
−f2〈V,W 〉Fdf(B• )〈U,Q〉Fdf(B• )
= RF (U, V,W,Q)
+f2〈〈df,df〉〉•B
(〈U,W 〉F 〈V,Q〉F − 〈V,W 〉F 〈U,Q〉F ).
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Remark 2.78. The Riemann tensor Rabcd is divergent when the warping function f → 0,
even in the non-degenerate case ([140], p. 209–210). But, since the warped product
manifold B ×f F is semi-regular, the curvature tensor Rabcd is smooth, and Theorem
2.77 confirms this.
Chapter 3
Einstein equation at singularities
This chapter relies on author’s original results, communicated in the papers [180] and
[192]. We apply the results from chapter 2 to construct two versions of Einstein’s
equation, which are equivalent to Einstein’s if the metric is non-degenerate, but remain
valid even in cases when the metric becomes degenerate.
The first version is constructed in §3.1, on semi-regular spacetimes, where the Einstein
tensor’s density of weight 2 remains smooth even in the presence of semi-regular singu-
larities. We can thus write a densitized version of Einstein’s equation, which is smooth,
and which is equivalent to the standard Einstein equation if the metric is non-degenerate.
Section §3.2 contains another version, which applies to a special class of semi-regular
spacetimes, which are called quasi-regular, and whose Riemann curvature tensor admits
smooth Ricci decomposition. This class of singularities will turn out to be important in
problems involving the Weyl curvature tensor, in section 4.4 and chapter 7.
The quasi-regular singularities include, isotropic singularities, and a class of warped
product singularities, the Schwarzschild singularity (see section §5.2), the Friedmann-
Lemaˆıtre-Robertson-Walker Big Bang singularity (see section §3.2.3.2). This equation is
constructed in terms of the Ricci part of the Riemann curvature (as the Kulkarni-Nomizu
product between Einstein’s equation and the metric tensor).
3.1 Einstein equation at semi-regular singularities
3.1.1 Einstein’s equation on semi-regular spacetimes
The Einstein tensor of a semi-regular semi-Riemannian manifold is defined as
G := Ric− 1
2
sg, (3.1)
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in terms of the Ricci tensor and the scalar curvature, which can be defined even if the
metric is degenerate metric, as long as its signature is constant (see §2.7.3). Unfor-
tunately, at the points where signature changes, they may become infinite. Since the
singularities from General Relativity are like this, we need to find something else.
Definition 3.1. Let (M, g) be a semi-regular manifold of dimension 4, having the sig-
nature (0, 3, 1) at the points where it is non-degenerate. Then, (M, g) is called semi-
regular spacetime.
Theorem 3.2. Let (M, g) be a semi-regular spacetime. Then, it has smooth Einstein
density tensor of weight 2, G det g.
Proof. Let p ∈M be a point where the metric g is non-degenerate. The Hodge dual of
Rabcd with respect to the first and the second pairs of indices (cf. e.g. [149], p. 234) is
(∗R∗)abcd = εabstεcdpqRstpq, (3.2)
where εabcd are the components of the volume form associated to the metric.
The Einstein tensor (3.1) can be written using the Hodge ∗ operator as
Gab = g
st(∗R∗)asbt. (3.3)
Since, in coordinates, the volume form is, in terms of the Levi-Civita symbol,
εabcd = abcd
√
−det g, (3.4)
we can rewrite the Einstein tensor as
Gab =
gkl
akstblpqRstpq
det g
. (3.5)
If det g → 0, the Einstein tensor becomes divergent. But the tensor density of weight 2
Gab det g = gkl
akstblpqRstpq, (3.6)
remains smooth, because it is constructed only from the Riemann curvature tensor,
which is smooth (see Theorem 2.43), and from the Levi-Civita symbol, which is constant
in the particular coordinate system. Even if Gab diverges, det g → 0 as needed to make
the tensor density Gab det g smooth. The tensor density Gab det g, obtained by lowering
its indices, is also smooth.
Remark 3.3. The densitized curvature scalar is smooth, since
s det g = −gabGab det g, (3.7)
and the densitized Ricci tensor is also smooth, because
Rab det g = gasgbtG
st det g +
1
2
sgab det g. (3.8)
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Definition 3.4. In General Relativity on a semi-regular spacetime, let T be the stress-
energy tensor. The equation
Gdet g + Λg det g = κT det g, (3.9)
or, in coordinates or local frames,
Gab det g + Λgab det g = κTab det g, (3.10)
where κ :=
8piG
c4
, G and c being Newton’s constant and the speed of light, is called the
densitized Einstein equation.
3.2 Einstein equation at quasi-regular singularities
In section §3.2.1 we introduce the expanded Einstein equation, by taking the Kulkarni-
Nomizu product between Einstein’s equation and the metric tensor. The expanded
Einstein equation holds on a special type of semi-regular spacetimes, named quasi-
regular. Given that we already have the densitized version of Einstein’s equation, which
holds on the full class of semi-regular spacetimes, why would we need a new set of
equations generalizing those of Einstein? The reason is that some applications require a
smooth Weyl curvature tensor, which is ensured in quasi-regular spacetimes (see section
§4.4, and chapter 7).
The quasi-regular singularities, on which the extended Einstein equations hold, in-
clude isotropic singularities (section §3.2.3.1), and a class of warped product singu-
larities, which includes the FLRW Big Bang singularity (section §3.2.3.2). Also, the
Schwarzschild singularity is quasi-regular (section §5.2).
3.2.1 Expanded Einstein equation and quasi-regular spacetimes
The expanded Einstein equation is
(G ◦ g)abcd + Λ(g ◦ g)abcd = κ(T ◦ g)abcd (3.11)
where the operation
(h ◦ k)abcd := hackbd − hadkbc + hbdkac − hbckad (3.12)
is the Kulkarni-Nomizu product of two symmetric bilinear forms h and k.
If g is non-degenerate, it can be removed from equation (3.11), which is therefore equiv-
alent to the Einstein equation. If det g → 0, it’s inverse becomes singular, and in general
the Einstein tensor Gab, blows up (because the Ricci and scalar curvatures blow up).
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But the metric term from the Kulkarni-Nomizu product G ◦ g tends to 0, and in some
cases this is enough to cancel the blow up of the Einstein tensor.
Let (M, g) be semi-Riemannian manifold of dimension n. The Riemann curvature tensor
can be decomposed algebraically (see e.g. [26, 82, 136, 176]) as
Rabcd = Sabcd + Eabcd + Cabcd, (3.13)
where
Sabcd =
1
2n(n− 1)R(g ◦ g)abcd (3.14)
is the scalar part of the Riemann curvature, and
Eabcd =
1
n− 2(S ◦ g)abcd (3.15)
is the semi-traceless part of the Riemann curvature. Here
Sab := Rab − 1
n
Rgab (3.16)
is the traceless part of the Ricci curvature.
The traceless part of the Riemann curvature is called the Weyl curvature tensor,
Cabcd = Rabcd − Sabcd − Eabcd. (3.17)
Equations (3.1) and (3.16) allow us to write the Einstein tensor in terms of the traceless
part of the Ricci tensor and the scalar curvature:
Gab = Sab − 1
4
Rgab. (3.18)
From this equation, we can define an expanded Einstein tensor :
Gabcd := (G ◦ g)abcd
= (S ◦ g)abcd − 1
4
R(g ◦ g)abcd
= 2Eabcd − 6Sabcd,
(3.19)
and rewrite the expanded Einstein equation in terms of it
2Eabcd − 6Sabcd + Λ(g ◦ g)abcd = κ(T ◦ g)abcd. (3.20)
3.2.2 Quasi-regular spacetimes
A semi-regular manifold has a smooth Riemann curvature tensor Rabcd. In addition, we
want to impose the condition that the tensors Eabcd and Sabcd are smooth, so that the
expanded Einstein equation (3.20) makes sense and is smooth.
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Definition 3.5. Let (M, gab) be a semi-regular manifold. If the tensors Sabcd and Eabcd
are smooth, we say that the manifold (M, g) is quasi-regular, and that gab is a quasi-
regular metric.
3.2.3 Examples of quasi-regular spacetimes
The quasi-regular spacetimes include the ones with with non-degenerate metric, but are
more general than them. In the following we will see that this class is very large, and
contains some relevant kinds of singularities encountered in General Relativity.
3.2.3.1 Isotropic singularities
Isotropic singularities can be obtained by conformal rescalings of non-degenerate met-
rics, when the scaling function vanishes [8, 9, 54, 207–212].
Theorem 3.6. Let (M, g˜ab) be a semi-Riemannian manifold, and let Ω : M → R be a
smooth function. Then, the manifold (M, gab := Ω
2g˜ab) is quasi-regular.
Proof. From Theorem 2.60, (M, gab) is semi-regular.
At points p ∈M where Ω 6= 0, the Ricci and scalar curvatures are ([94], p. 42.):
Rab = Ω
−2R˜ab + 2Ω−1(Ω−1);bsg˜as − 1
2
Ω−4(Ω2);stg˜stδab (3.21)
R = Ω−2R˜− 6Ω−3Ω;stg˜st (3.22)
where the semicolon is the covariant derivative associated to g˜. From equation (3.21),
Rab = Ω
2g˜asR
s
b = R˜ab + 2Ω(Ω
−1);ab − 1
2
Ω−2(Ω2);stg˜stg˜ab, (3.23)
which may tend to infinity as Ω → 0. Let’s show that the Kulkarni-Nomizu product
Ric ◦ g is smooth. The term g contributes with a factor Ω2, and
Ω2Rab = Ω
2R˜ab + 2Ω
3(Ω−1);ab − 1
2
(Ω2);stg˜
stg˜ab, (3.24)
is smooth, as follows from
Ω3(Ω−1);ab = Ω3
(
(Ω−1);a
)
;b
= Ω3
(−Ω−2Ω;a);b
= Ω3
(
2Ω−3Ω;bΩ;a − Ω−2Ω;ab
)
= 2Ω;aΩ;b − ΩΩ;ab
(3.25)
Hence, the tensor Ric ◦ g is smooth. The smoothness of Rg ◦ g follows by noticing that
g ◦ g introduces a factor Ω4, while in the expression (3.22) of R, the power of Ω is ≥ −3.
Therefore, Eabcd and Sabcd are smooth, and the spacetime (M, gab) is quasi-regular.
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3.2.3.2 Quasi-regular warped products
We recall from Corollary 2.75 that the degenerate warped product of two semi-Riemann-
ian manifolds is a semi-regular manifold. Now we show that, under some assumptions
which correspond to the FLRW spacetime, it is also quasi-regular.
Theorem 3.7 (Quasi-regular warped product). Let (B, gB) and (F, gF ) be two semi-
regular manifolds, with dimB = 1 and dimF = 3, and let f ∈ F (B). Then, the
degenerate warped product (B ×f F, g = gB + f2gF ) is quasi-regular.
Proof. From Corollary 2.75, B ×f F is semi-regular.
From [140], p. 211, we know that, for horizontal vector fields X,Y ∈ L(B × F,B) and
vertical vector fields V,W ∈ L(B × F, F ),
1. Ric(X,Y ) = RicB(X,Y ) +
dimF
f
Hf (X,Y )
2. Ric(X,V ) = 0
3. Ric(V,W ) = RicF (V,W ) + (f∆f + (dimF − 1)gB(grad f, grad f)) gF (V,W )
where Hf is the Hessian, ∆f is the Laplacian, and grad f the gradient. It is clear that
Ric(X,V ) and Ric(V,W ) are smooth, and we want to prove that Ric(X,Y ) is smooth
too. Since dimB = 1, the only terms in Ric ◦ g containing Ric(X,Y ) have the form
Ric(X,Y )g(V,W ) = f2Ric(X,Y )gF (V,W ).
Hence, Ric ◦ g is smooth.
The tensor Sabcd is smooth too, because the scalar curvature is
R = RB +
RF
f2
+ 2 dimF
∆f
f
+ dimF (dimF − 1)gB(grad f, grad f)
f2
. (3.26)
Hence, B ×f F is quasi-regular.
From Theorem 3.7 follows that the FLRW spacetime with smooth scale factor (the
warping function) is quasi-regular. In fact, from Theorem 3.7 this follows directly and
more generally:
Corollary 3.8. The FLRW spacetime, with smooth a : I → R, is quasi-regular.
Proof. This is a direct consequence of Theorem 3.7.
Chapter 4
The Big-Bang singularity
This chapter is based on author’s original results from the papers [190], [185], and [191].
4.1 Introduction
The cosmological principle states that our expanding universe, can be considered at very
large scale homogeneous and isotropic. This explains the success of the solution proposed
by A. Friedmann [78–80], which is an exact solution to Einstein’s equation, describing a
homogeneous, isotropic universe. It is known under the name of Friedmann-Lemaˆıtre-
Robertson-Walker (FLRW) spacetime, after the name of Georges Lemaˆıtre [124], H. P.
Robertson [161–163] and A. G. Walker [225], who rediscovered and made important
contributions to this solution.
From the FLRW model follows that the universe should be, at any time, either in
expansion, or in contraction. Hubble’s observations showed that the universe is currently
expanding, and more recent observations showed that the expansion is accelerated [150].
Modern cosmology saids that, long time ago, there was a huge concentration of matter
which exploded, thus the name Big Bang. It was suspected that General Relativity
implies that the density of matter at the beginning of the universe was infinite, and
Einstein’s equation was singular. This was shown to be true, under general hypotheses,
by Hawking’s singularity theorem [89–91, 94, 95] (who applied Penrose’s method for the
black hole singularities [144] backwards in time, to the past singularity of the Big Bang).
According to the standard cosmological model, the universe started with the Big Bang,
possibly singular, and expanded. It begins with a very short period of exponentially
accelerated expansion, called inflation (Fig. 4.1).
The extreme conditions which present at the Big Bang are very far from the range of
our experiments, and even of our theoretical models. Therefore, we don’t know very well
what happened then. Maybe the singularity was avoided, by some quantum effect which
circumvented the energy condition from the hypothesis of the singularity theorem. Such
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Figure 4.1: The universe originated from a very dense state, probably a singularity,
and expanded, with a very brief period of very high acceleration.
a possibility is explored in the loop quantum cosmology [15, 17, 32–34, 167, 219], leading
to a discrete model of the universe with a Big Bounce.
We will not explore here the possibility that the Big Bang singularity is avoided by quan-
tum or other sort of effects, which may follow from a yet to be discovered unification of
General Relativity and Quantum Theory. Instead, we will apply the tools of singular
semi-Riemannian geometry developed in this Thesis, to push the limits of General Rel-
ativity beyond the Big Bang singularity. We will see that the FLRW singularities with
smooth scale factor behave well, being semi-regular, and even quasi-regular.
In §4.2, we recall some elements of the FLRW spacetime. In §4.3, we will prove that
the FLRW metric is semi-regular, and it obeys a densitized version of Einstein equation,
with density of weight 1. Section §4.4 discusses the Weyl Curvature Hypothesis, and the
importance of the quasi-regular singularities, which satisfy it automatically. It also shows
that a large class of spacetimes which are not necessarily homogeneous and isotropic are
quasi-regular.
4.2 The Friedmann-Lemaˆıtre-Robertson-Walker spacetime
In the FLRW cosmological model, the 3-space at any moment of time is modeled, up to
a scale factor a(t), by a three-dimensional Riemannian space (Σ, gΣ). Time is modeled
by an interval I ⊆ R, with the natural metric −dt2. At any moment t ∈ I, the space Σt
is obtained by scaling (Σ, gΣ) with a
2(t), where a : I → R is called the warping function.
The spacetime I × Σ, with the metric
ds2 = −dt2 + a2(t)dΣ2, (4.1)
is called the FLRW spacetime. It is the warped product between the manifolds (Σ, gΣ)
and (I,−dt2), with the warping function a : I → R.
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For the typical space Σ one can use any Riemannian manifold one may need, but in
most cases, because of the cosmological principle, one considers solutions which satisfy
the homogeneity and isotropy conditions. Hence, in most cases, Σ is taken to be, at
least at large scale, one of the homogeneous spaces S3, R3, and H3, having, in spherical
coordinates (r, θ, φ), the metric
dΣ2 =
dr2
1− kr2 + r
2
(
dθ2 + sin2 θdφ2
)
, (4.2)
where k = 1 for the 3-sphere S3, k = 0 for the Euclidean space R3, and k = −1 for the
hyperbolic space H3.
4.2.1 The Friedman equations
After we choose the 3-space Σ, the only unknown part of the FLRW metric remains
the function a(t). This can be determined by making assumptions about matter. For
simplicity, it is in general considered that the universe is filled with a fluid with mass
density ρ(t) and pressure density p(t). These quantities depend on t only, because we
assume homogeneity and isotropy. The stress-energy tensor is
T ab = (ρ+ p)uaub + pgab, (4.3)
where ua is the timelike vector field ∂t, normalized.
The energy density component of the Einstein equation leads to the Friedmann equation
ρ =
3
κ
a˙2 + k
a2
. (4.4)
Here, κ :=
8piG
c4
[175]. We will use in the following units in which G = 1 and c = 1. The
trace of the Einstein equation gives the acceleration equation
ρ+ 3p = −6
κ
a¨
a
. (4.5)
From these equations we get the fluid equation (the conservation of mass-energy):
ρ˙ = −3 a˙
a
(ρ+ p) . (4.6)
Knowing the function a, determines uniquely ρ, from (4.4), and then p, from (4.5).
Recent observations on supernovae reveal that the expansion is accelerated, hence there
is a positive cosmological constant Λ [150, 160]. The equations (4.4), (4.5), and (4.6)
assume Λ = 0, but the generality is not lost, because the version of the equations having
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Λ 6= 0 are equivalent to the above ones, by the substitution{
ρ → ρ+ κ−1Λ
p → p− κ−1Λ . (4.7)
To simplify calculations, we will ignore Λ in the following, without any loss of generality.
4.2.2 Distance separation vs. topological separation
We can understand the singularities in the FLRW model, by making distinction between
topology and geometry. A manifold M is a topological space. If, in addition, there is a
metric tensor g on M , we obtain a geometry. The metric g defines a distance, and the
distance between two points p 6= q ∈M is zero only if the metric is Riemannian. If the
metric is semi-Riemannian, it is possible that the distance between two distinct points
p and q is zero, provided that they are separated by a lightlike interval. If the metric
g is allowed to be degenerate, then there are more possibilities to have zero distance
between distinct points. For example, consider a surface in R3, defined locally as the
image of a map f : U → R3, where U ∈ R2 is an open subset of R2. If the function f is
not injective, the resulting surface has self-intersections. Sometimes the surface can be
defined implicitly, as the set of solutions of an equation. In this case too it may have
self-intersections. The typical example is the cone
x2 − y2 − z2 = 0. (4.8)
It has a singularity at x = 0. To resolve it, we make the transformation
x = u
y = uv
z = uw
(4.9)
which maps the cylinder v2 + w2 = 1 to the cone (4.8). This procedure was studied
starting with Isaac Newton [133], and is very used in mathematics, especially in algebraic
geometry.
The natural metric on the space (x, y, z) induces, by pull-back through the map (4.9), a
metric on the the cylinder v2 + w2 = 1. The induced metric is degenerate on the circle
u = 0 of the cylinder – the distance between any two distinct points of the circle u = 0
is zero.
4.3 Densitized Einstein equation on the FLRW spacetime
We show that the Friedmann equations and the Einstein equation can be written in an
equivalent form, which in addition avoids the infinities in a natural way, being thus valid
at the singularity a(t) = 0.
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Figure 4.2: The old method of resolution of singularities “unties” the cone into a
cylinder, removing the singularity.
4.3.1 What happens when the density becomes infinite?
When a→ 0, from (4.4) follows that ρ→∞, because a finite quantity of matter occupies
a volume equal to 0. From (4.5), the pressure density p may become infinite. So, is there
a way to avoid the infinities? The answer is yes, provided that we realize that not ρ and
p are the physical quantities, but the densities ρ
√−g and p√−g, which remain smooth.
In the Friedmann equations, ρ and p are scalar fields representing densities. But if
we change the coordinates, ρ and p change, so they are not in fact scalars, but the
components of another type of object. The adequate, invariant quantities representing
densities involve the volume form
dvol :=
√−gdt ∧ dx ∧ dy ∧ dz, (4.10)
where
√−g := √−det gab.
The correct densities are not the scalars ρ and p, but the differential 4-forms ρdvol and
pdvol. Their components in a coordinate system are ρ
√−g and respectively p√−g. They
become identical to ρ and p only if det g = −1, e.g. in an orthonormal frame, like the
comoving coordinate system of the FLRW model. But an orthonormal frame doesn’t
make sense when a→ 0, because det g → 0.
The determinant of the metric (4.1), in the FLRW coordinates, is
det g = −a6 det 3gΣ, (4.11)
where det3 gΣ is determinant of the metric of the 3-dimensional typical space Σ, and is
constant. Hence, the metric’s determinant in the comoving coordinates is
√−g = a3√gΣ. (4.12)
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Since
√−g → 0 when a→ 0, we will see that √−g cancels the singularities introduced
by ρ and p in ρdvol, respectively pdvol.
The conservation of energy takes the form
− a3ρ˙ = 3a2a˙ρ+ 3
c2
a2a˙p, (4.13)
and is valid even when the volume a3 → 0.
4.3.2 The Big Bang singularity resolution
Let’s make the following substitution:{
ρ˜ = ρ
√−g = ρa3√gΣ
p˜ = p
√−g = pa3√gΣ
(4.14)
Theorem 4.1. Let a : I → R be a smooth function. Then, the densities ρ˜, p˜, and the
densitized stress-energy tensor Tab
√−g are smooth (and hence nonsingular), including
when a(t) = 0.
Proof. From the Friedmann equation (4.4), which becomes now
ρ˜ =
3
κ
a
(
a˙2 + k
)√
gΣ, (4.15)
if a is smooth, ρ˜ is smooth too. Similarly, p˜ is smooth too, from the acceleration equation
(4.5)
ρ˜+ 3p˜ = −6
κ
a2a¨
√
gΣ. (4.16)
Since ρ˜ and p˜ are smooth functions, the densitized stress-energy tensor
Tab
√−g = (ρ˜+ p˜)uaub + p˜gab, (4.17)
is smooth too.
Due to Theorem 4.1, the smooth densitized version of the Einstein equation
Gab
√−g + Λgab
√−g = κTab
√−g, (4.18)
makes sense and is smooth.
The Lagrangian density for General Relativity, proposed by Hilbert and Einstein, is
1
2κ
(
R
√−g − 2Λ√−g)+ L√−g, (4.19)
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where the Lagrangian density L√−g describes matter. While, for example, the scalar
curvature R is singular at a(t)→ 0, the density R√−g is smooth.
For smooth a so that a(0) = 0, if a˙(0) 6= 0, the FLRW solution looks as in figure 4.3 A.
If a˙(0) = 0, it behaves like a Big Bounce universe, except that the bounce is singular
(fig. 4.3 B).
A B
Figure 4.3: A schematic representation of a generic Big Bang singularity.
A. a˙(0) 6= 0. B. a˙(0) = 0, a¨(0) > 0.
4.4 The Weyl curvature hypothesis
Penrose, while attempting to explain the high homogeneity and isotropy, and the very
low entropy of the early universe, stated the Weyl curvature hypothesis (WCH), conjec-
turing the vanishing of the Weyl tensor at the Big Bang singularity.
The quasi-regular metrics provide a large class of singularities satisfying the Weyl cur-
vature hypothesis. We find a very general cosmological model, which generalizes the
FLRW model, but also isotropic singularities, by dropping the isotropy and homogene-
ity constraints. We show that it is quasi-regular, and therefore satisfies the WCH.
4.4.1 Introduction
R. Penrose’s WCH originates in several distinct problems, including the search for an
explanation of the second law of Thermodynamics, and of the high homogeneity and
isotropy of the universe [147]. He analyzed the flow of energy in the Universe, and
concluded that the second law of Thermodynamics is caused by a very high homogeneity
near the Big-Bang. To explain this homogeneity, he wrote ([147], p. 614)
In terms of spacetime curvature, the absence of clumping corresponds, very
roughly, to the absence of Weyl conformal curvature (since absence of clump-
ing implies spatial-isotropy, and hence no gravitational principal null-directions).
He then emitted the Weyl curvature hypothesis ([147], p. 630)
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this restriction on the early geometry should be something like: the Weyl
curvature Cabcd vanishes at any initial singularity
There is also a motivation from the WCH, coming from Quantum Gravity. It is ex-
pected that, near the Big-Bang, the quantum effects of gravity become relevant, but
gravity is perturbatively nonrenormalizable at two loops [87, 202]. If the Weyl tensor
vanishes, local degrees of freedom, hence gravitons, vanish too, removing some problems
of Quantum Gravity, at least at the Big-Bang [47].
The Weyl tensor Cabcd is, from gravitational viewpoint, responsible for the tidal forces.
It is the traceless part of the Riemann curvature tensor Rabcd. The tensor Cabc
d is
invariant at a conformal rescaling gab 7→ Ω2gab. It vanishes on an open set U ⊂ M ,
where dimM ≥ 4, if and only if the metric is conformally flat on U .
Isotropic singularities, studied by Tod [207–212], Claudel & Newman [54], Anguige &
Tod [8, 9], are obtained from non-degenerate metrics g˜ on M , by a conformal rescaling
gab = Ω
2g˜ab, when Ω→ 0. They have finite Weyl curvature tensor Cabcd = C˜abcd, and
Cabcd = gsdCabc
s = Ω2g˜sdC˜abc
s → 0. (4.20)
Another simple example of vanishing Weyl tensor comes from the FLRW cosmological
model. In fact, the Weyl tensor of the FLRW metric vanishes identically, and is not
relevant for WCH.
Both these types of singularities are particular cases of the quasi-regular singularities
(§3.2.3). Moreover, any quasi-regular singularity in spacetime satisfies WCH, as we will
show. From (3.17) we know that the Weyl curvature Cabcd is smooth. At semi-regular
singularities (therefore at quasi-regular too), the metric behaves as if it loses one or
more dimensions, and the Weyl curvature lives, from algebraic viewpoint, in a space of
dimension lower than 4, therefore it vanishes, because of its algebraic symmetries.
In §4.4.3 we propose a very general cosmological model which, unlike the FLRW model,
does not assume that the space slices have constant metric up to the overall scaling factor
a2(t). We will keep the overall scaling factor a2(t), but we will allow the space part of
the metric to change freely in time. We allow this generality because the Universe is not
perfectly isotropic and homogeneous. Due to the general conditions we assume, we will
not be concerned at this point with the particular matter content of this universe.
4.4.2 The Weyl tensor vanishes at quasi-regular singularities
Theorem 4.2. Let (M, g) be a quasi-regular manifold of dimension 4. Then, the Weyl
curvature tensor Cabcd vanishes at singularities.
Proof. The smoothness of Cabcd follows from the smoothness of Rabcd, Eabcd, Sabcd, and
from equation (3.17).
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From Corollary 2.47, the Riemann curvature tensor Rabcd of a semi-regular semi-Rie-
mannian manifold satisfies at any p ∈M
(Rabcd)p ∈ ⊗4T •pM. (4.21)
If at a point p the metric g is degenerate, then dim (T •pM) < 4. But in dimension ≤ 3,
any tensor having the symmetries of the Weyl tensor vanishes (see e.g. [26]), hence, at
any point p where g is degenerate,
(Cabcd)p = 0. (4.22)
4.4.3 Example: a general cosmological model
The universe is not homogeneous and isotropic at all scales, as it is assumed in the
FLRW model. Thus, we are motivated to study a spacetime (M, g) which is allowed to
be inhomogeneous and anisotropic.
We consider that the spacetime is a manifold of the form M = I ×Σ, where I ⊆ R is an
interval, and Σ is a three-dimensional manifold. Let τ : M → I, defined by τ(t, x) = t,
be a global time coordinate. Let’s consider that on each slice Σt = τ
−1(t) there is a
Riemannian (hence non-degenerate) metric hij(t, x) (where 1 ≤ i, j ≤ 3), which depends
smoothly on (t, x) ∈ I × Σ. Let’s consider on I a smooth function N : I → R, and the
metric N2(t)dt2, which is allowed to be degenerate.
We represent the metric h(t) as an arc element by dσ2t , and assume that the metric g
on the total manifold M is
gij(t, x) := −N2(t)dt2 + a2(t)hij(t, x), (4.23)
where a : I → R is a smooth function. The function a(t) is allowed to vanish, the
Big-Bang singularity is obtained for a(t) = 0.
As an arc element, the metric is
ds2 = −N2(t)dt2 + a2(t)dσ2t . (4.24)
The FLRW model is obtained if N(t) = 1, and hij(t) is time independent, and of
constant curvature. But we will work in full generality, allowing dσ2t to vary freely in
time, to obtain therefore a much more general solution. When a(t) = 0, our Big-Bang
singularity is much more general than the FLRW one, because the geometry of space
slices (Σt, h(t)) may be inhomogeneous and variable in time.
If N(t) 6= 0 for any t ∈ I, then I can be reparameterized to obtain a constant metric,
so that we can consider N(t) = 1. Hence, the relevant differences introduced by using
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a non-constant N become important only when N(t) vanishes, together with a(t). For
reasons which will become apparent, we require that
f(t) :=
a(t)
N(t)
(4.25)
is not singular. For example, if f(t) = 1, then N(t) = a(t), and the resulting singularities
are just isotropic singularities.
We are here interested in the most general case.
Theorem 4.3. Let (M, g) be a spacetime, where M = I ×Σ, and the metric is given by
(4.24). Then, (M, g) is quasi-regular.
Proof. We will prove first that the metric is semi-regular, by showing that the terms
in the Riemann curvature tensor (2.63) are smooth. Then, we will show that the Ricci
decomposition
Rabcd = Eabcd + Sabcd + Cabcd. (4.26)
is smooth.
The metric g is
g(t, x) =
(
−N2(t) 0
0 a2(t)hij(t, x)
)
, (4.27)
and its reciprocal is
g−1(t, x) =
(
−N−2(t) 0
0 a−2(t)hij(t, x)
)
. (4.28)
The partial derivatives of the metric are
g00,0 = −2NN˙,
g00,k = 0,
gij,0 = a(2a˙hij + ah˙ij),
gij,k = a
2∂khij .
(4.29)
The second order partial derivatives of the metric are
g00,00 = −2
(
N˙2 +NN¨
)
,
g00,k0 = g00,0k = g00,kl = 0,
gij,00 = 2a˙
2hij + 2aa¨hij + 4aa˙h˙ij + a
2h¨ij ,
gij,k0 = a
(
2a˙∂khij + a∂kh˙ij
)
,
gij,kl = a
2∂k∂lhij .
(4.30)
To check that g is semi-regular, it is enough to check the smoothness of the terms of the
form gab,•gcd,• . From the equations (4.29),
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g00,•g00,• = −N−2g00,0g00,0 + a−2hcdg00,cg00,d
= −4N˙2, (4.31)
g00,•gij,• = −N−2g00,0gij,0 + a−2hcdg00,cgij,d
= 2
N˙a
N
(
2a˙hij + ah˙ij
)
,
(4.32)
and
gij,•gkl,• = −N−2gij,0gkl,0 + a−2hcdgij,cgkl,d
= − a
2
N2
(2a˙hij + ah˙ij)(2a˙hkl + ah˙kl) + a
2hcd∂chij∂dhkl.
(4.33)
But for a smooth function f(t, x)
a(t, x) = f(t, x)N(t), (4.34)
therefore, the terms calculated above are smooth, as we can see:
g00,•g00,• = −4N˙2
g00,•gij,• = 2N˙f
(
2a˙hij + ah˙ij
)
gij,•gkl,• = f
2
(
−(2a˙hij + ah˙ij)(2a˙hkl + ah˙kl).+N2hcd∂chij∂dhkl
) (4.35)
Hence, the metric g is semi-regular.
To prove that Ric ◦ g and Rg ◦ g are smooth, we have to contract the terms from (4.30)
and (4.35), and see what happens when taking Kulkarni-Nomizu products with g. The
tensor Ric ◦ g is a sum of products between gab,cd or gab,•gcd,• , and gef , and ggh. The
tensor Rg ◦ g is a sum of products between gab,cd or gab,•gcd,• , gefggh, and g ◦ g, which is
of the form N4(t)f2(t)qabcd. We resume these products in the tables 4.1 and 4.2, where
we can see that they are smooth. To write these tables, we used the following facts:
• only some particular combinations of indices are allowed when contracting, and in
the Kulkarni-Nomizu products,
• g ◦ g is of the form N4f2qabcd, with qabcd smooth,
• gab = N2g˜ab, where g˜ab is smooth; gab = N−2f−2gˆab, with gˆab smooth
• gij = a2hij = f2N2hij ; gij = a−2hij = f−2N−2hij .
By inspecting the tables, we see that all terms contained in Rabcd, Eabcd, and Sabcd are
smooth. Hence, the metric (4.24) is quasi-regular.
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Table 4.1: Terms from Ric ◦ g.
Term Multiply with Term from Ric ◦ g
uabcd g
ef gpq uabcdg
efgpq
{e,f}⊂{a,b,c,d} {p,q}6={a,b,c,d}−{e,f}
g00,00 or g00,•g00,• −N−2 a2hij −u0000f2hij
gij,kl = a
2∂k∂lhij a
−2hef gpq hef∂k∂lhijgpq
gij,•gkl,• = f
2u˜ijkl f
−2N−2hef N2g˜pq u˜ijklhef g˜pq
gij,00 or gij,•g00,• g
i0 = 0 gpq 0
gij,00 or gij,•g00,• g
00 = N−2 N2g˜pq g˜pquabcd
gij,00 or gij,•g00,• g
ij = a−2hij a2hpq (p, q 6= 0) hikhpquabcd
gij,k0 = avijk g
ef = a−2hef a2hpq (p, q 6= 0) ahefhpqvijk
Table 4.2: Terms from Rg ◦ g.
Term Multiply with Term from R(g ◦ g)
uabcd g
efggh (g ◦ g)pqrs uabcdgefggh(g ◦ g)pqrs
{e,f,g,h}={a,b,c,d}
g00,00 or g00,•g00,• −N−4 N4f2qabcd −u0000f2qabcd
gij,kl = a
2∂k∂lhij a
−4hefhgh N4f2qabcd N2qabcdhefhgh∂k∂lhij
gij,•gkl,• = f
2u˜ijkl f
−4N−4hefhgh N4f2qabcd u˜ijklhefhghqabcd
gij,00 or gij,•g00,• g
00gij = N−4f−2hij N4f2qabcd hijuabcdqabcd
gij,k0 = avijk 0 N
4f2qabcd 0
4.4.4 Conclusion
The quasi-regular singularities offer a nice surprise, since in dimension 4 they have
vanishing Weyl curvature Cabcd. Therefore, any quasi-regular Big-Bang singularity also
satisfies the Weyl curvature hypothesis (§4.4.2).
As a main application, we studied in §4.4.3 a cosmological model which is much more
general than FLRW, because it drops the isotropy and homogeneity conditions. This
generality is more realistic from physical viewpoint, since our Universe appears homo-
geneous and isotropic only at very large scales. This model contains as particular cases,
in addition to FLRW, also the isotropic singularities.
Chapter 5
Black hole singularity resolution
In this chapter are presented the original results published by the author in the papers
[183], [184], [189], and [187].
At least in classical General Relativity, black hole singularities are usually considered to
break the time evolution.
For each of the standard black hole solutions, we find coordinates which make the metric
smooth. This is somehow similar to the method used by Eddington [67] and Finkelstein
[74], to show that the event horizon singularity is due to the coordinates. In our case, the
singularities remain, but the metric becomes degenerate and analytic, without singular
components.
We show that the Schwarzschild singularity can be made analytic, and in fact semi-
regular, by such a coordinate transformation, in section §5.2. Sections §5.3 and §5.4
present coordinates in which the Reissner-Nordstro¨m, respectively the Kerr-Newman
singularities are made analytic. The latter involve the presence of an electromagnetic
field, and we show that this field and its potential are analytic in our coordinates, thus
being non-singular, as they appear in the standard, but singular coordinates.
In section §6 we show that these solutions can be utilized to construct spacetimes with
more general black hole singularities, which are created and then vanish by Hawking
evaporation.
The results are applied to non-stationary black holes, including evaporating ones.
5.1 Introduction
5.1.1 The singularity theorems
Despite the successes of General Relativity, one of its own consequences seems to question
it: the occurrence of singularities in the black holes. It is often said that General
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Relativity predicts, because of these singularities, it’s own breakdown [13, 14, 16, 93,
95, 96]. Such singularities follow from the singularity theorems of Penrose and Hawking
[89–91, 94, 95, 144]. The conditions leading to singularities were found to be common
(Christodoulou [53]), and then even more common (Klainerman and Rodnianski [111]).
Initially, there was some confusion regarding the singularities. In 1916, when Schwarzschild
proposed [169, 170] his solution to Einstein’s equation, representing a black hole, it was
believed that the event horizon is singular. Only after 1924, when Eddington proposed
another coordinate system which removed the singularity at the event horizon [67], and
1958, with the work of D. Finkelstein [74], it was understood that the event horizon’s
singularity was only apparent, being due to the choice of the coordinate system. But
the singularity at the center of the black hole remained independent of the particular
coordinates, and the singularity theorems showed that any black hole would have such
a singularity. In [183, 184, 189] we have shown that, although the genuine singulari-
ties cannot be removed, they can at least be made manageable – there are coordinate
changes which make the metric degenerate, but smooth.
5.1.2 The black hole information paradox
Black holes have interesting properties similar to the entropy and temperature in ther-
modynamics, which were studied in [20, 24, 214, 216–218].
Soon (in its proper time) after an object passes through the event horizon, it reaches
the singularity of the black hole. All the information contained in it seems to vanish in
the singularity.
On the other hand, the equations governing the physical laws are in general reversible,
guaranteeing that no information can be lost. But according to Hawking [92, 93] the
black hole may emit radiation and evaporate. If the black hole evaporates completely, it
seems to leave behind no trace of the information it swallowed. Moreover, it seems to be
possible for an originally pure state to end up being mixed, because the density matrix
of the particles in the black hole’s exterior is obtained by tracing over the particles lost
in the black hole with which they were entangled. This means that the unitarity appears
to be violated, and the problem becomes even more acute.
5.1.3 The meaning of singularities
The singularities in General Relativity are places where the evolution equations cannot
work, because the involved fields become infinite. If the Cauchy surface on which the
fields are defined is affected by singularities, then the equations cannot be developed in
time.
Black hole singularity resolution 60
From geometric viewpoint, these singularities are points where the metric becomes sin-
gular, and the geodesics become incomplete. Since we don’t know to extend the fields
to such points, normally we remove them from the spacetime.
Actually, we can rewrite the fields involved, and the equations defining them, so that
the fields remain finite at any point [69, 180, 183, 184, 189]. At the points where the
metric is non-singular, the equations remain equivalent to Einstein’s equation.
With this modification, the spacetime can be extended to the singular points.
Once we have the fields and the topology repaired, we have to check that we can choose
a maximal globally hyperbolic spacetime (or equivalently, admitting a Cauchy foliation)
so that the evolution equations can be defined.
Consequently, a natural interpretation of the singularities emerges, which makes them
harmless for the physical law, in particular for the information conservation.
We will illustrate this approach on the black hole solutions known from the literature.
5.2 Schwarzschild singularity is semi-regularizable
We show that the Schwarzschild metric can be made analytic at the singularity, by a
proper coordinate transformation. The singularity remains, but it is made degenerate
and smooth, and the infinities are removed. We find a family of analytic extensions,
and one of them is semi-regular. A degenerate singularity doesn’t break the topology.
We prove that the metric is semi-regular, hence the densitized version of Einstein’s
equation can be used, avoiding thus the infinities. Moreover, we show that the singularity
is quasi-regular. In the new coordinates, the Schwarzschild solution extends beyond
the singularity, suggesting the possibility that the information is not destroyed by the
singularity, and can be restored after the evaporation.
5.2.1 Introduction
The Schwarzschild metric, expressed in the Schwarzschild coordinates, is
ds2 = −
(
1− 2m
r
)
dt2 +
(
1− 2m
r
)−1
dr2 + r2dσ2, (5.1)
where m the mass of the body, and the units were chosen so that c = 1 and G = 1, and
dσ2 = dθ2 + sin2 θdφ2 (5.2)
is the metric of the unit sphere S2 (see e.g. [94], p. 149).
From (5.1) follows that this spacetime is a warped product between a two-dimensional
semi-Riemannian space and the sphere S2 with the metric (5.2). This allows us to
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change the coordinates r and t independently on the other coordinates, and to ignore in
calculations the term r2dσ2, which we reintroduce at the end.
As r → 2m, gtt = −
(
1− 2m
r
)−1
→ ∞. This is a coordinate singularity, and not a
genuine one, as shown by the Eddington-Finkelstein coordinates ([67, 74], [94], p. 150).
On the other hand, r → 0 is a genuine singularity, because RabcdRabcd →∞. This seems
to suggest that the Schwarzschild metric cannot be made smooth at r = 0. We will see
that, in fact, there are coordinate systems in which the components of the metric are
are analytic, hence finite, even r = 0. The singularity remains, because the metric is
degenerate. We find analytic and semi-regular extension of the Schwarzschild spacetime.
5.2.2 Analytic extension of the Schwarzschild spacetime
Theorem 5.1. Let’s consider the Schwarzschild spacetime, with the metric (5.1). There
is a singular semi-Riemannian spacetime, which extends it analytically beyond the sin-
gularity r = 0.
Proof. It suffices to find new coordinates in the region r < 2m, which is a neighborhood
of the singularity. On the region r < 2m, the coordinate t is spacelike, and r is timelike.
We use the transformation
{
r = τ2
t = ξτT
, (5.3)
where T ∈ N, to be conveniently determined. Then, we have
∂r
∂τ
= 2τ,
∂r
∂ξ
= 0,
∂t
∂τ
= TξτT−1,
∂t
∂ξ
= τT. (5.4)
Recall that the metric coefficients in the Schwarzschild coordinates are
gtt =
2m− r
r
, grr =
r
r − 2m, gtr = grt = 0. (5.5)
Let’s calculate the metric coefficients in the new coordinates. We will do explicitly one
such calculation:
gττ =
(
∂r
∂τ
)2 r
r − 2m +
(
∂t
∂τ
)2 2m− r
r
= 4τ2
τ2
τ2 − 2m + T
2ξ2τ2T−2
2m− τ2
τ2
Hence
gττ = − 4τ
4
2m− τ2 + T
2ξ2(2m− τ2)τ2T−4 (5.6)
Similarly,
gτξ = Tξ(2m− τ2)τ2T−3, (5.7)
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gξξ = (2m− τ2)τ2T−2. (5.8)
The determinant is
det g = −4τ2T+2. (5.9)
The four-metric is
ds2 = − 4τ
4
2m− τ2 dτ
2 + (2m− τ2)τ2T−4 (Tξdτ + τdξ)2 + τ4dσ2, (5.10)
and it is easy to see that it is analytic for T ≥ 2.
5.2.3 Semi-regular extension of the Schwarzschild spacetime
While proving Theorem 5.1, we found an infinite family of coordinates which make the
metric analytic. We prove now that among these solutions there is a semi-regular one.
Theorem 5.2. The Schwarzschild metric admits an analytic extension in which the
singularity at r = 0 is semi-regular.
Proof. We start with the coordinate transformation (5.3). To show that the metric is
semi-regular, cf. Proposition 2.41, it is enough to find T ∈ N so that there is a coordinate
system in which the products of the form
gstΓabsΓcdt (5.11)
are all smooth [180], where Γabc are Christoffel’s symbols of the first kind. In a coordinate
system in which the metric is smooth, as in §5.2.2 , Christoffel’s symbols of the first kind
are also smooth. But the inverse metric gst is not smooth for r = 0. We will show that
the products from the expression (5.11) are smooth.
We use the solution from Theorem 5.1, and try to find a value for T, so that the metric
is semi-regular.
The components of the inverse of the metric are given by gττ = gξξ/det g, g
ξξ = gττ/det g,
and gτξ = gξτ = −gτξ/det g. From (5.6–5.8), follows that
gττ = −1
4
(2m− τ2)τ−4, (5.12)
gτξ =
1
4
Tξ(2m− τ2)τ−5, (5.13)
gξξ =
τ−2T+2
2m− τ2 −
1
4
T2ξ2(2m− τ2)τ−6. (5.14)
Christoffel’s symbols of the first kind are given by
Γabc =
1
2
(∂agbc + ∂bgca − ∂cgab) , (5.15)
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so we have to calculate the partial derivatives of the coefficients of the metric.
From (5.4) and (5.6–5.8) we have:
∂τgττ = ∂τ
(
− 4τ
4
2m− τ2 + ξ
2T2(2m− τ2)τ2T−4
)
= −44τ
3(2m− τ2) + 2τ5
(2m− τ2)2 + 2T
2(2T− 4)mξ2τ2T−5
−T2(2T− 2)ξ2τ2T−3,
hence
∂τgττ = 8
τ5 − 4mτ3
(2m− τ2)2 + 2T
2(2T− 4)mξ2τ2T−5 − T2(2T− 2)ξ2τ2T−3. (5.16)
Similarly,
∂τgτξ = 2T(2T− 3)mξτ2T−4 − T(2T− 1)ξτ2T−2, (5.17)
∂τgξξ = 2m(2T− 2)τ2T−3 − 2Tτ2T−1, (5.18)
∂ξgττ = 2T2ξ(2m− τ2)τ2T−4, (5.19)
∂ξgτξ = T(2m− τ2)τ2T−3, (5.20)
and
∂ξgξξ = 0. (5.21)
To ensure that the expression (5.11) is smooth, we try to find a value of T for which it
doesn’t contain negative powers of τ . The least power of τ in equations (5.16–5.21) is
min(3, 2T−5), as we can see by inspection. The least power of τ in equations (5.12–5.14)
is min(−6,−2T + 2). Since min(−6,−2T + 2) = −3 −max(3, 2T − 5), the conjunction
of the two conditions is
− 1− 2T+ 3 min(3, 2T− 5) ≥ 0 (5.22)
with the unique solution
T = 4. (5.23)
which ensures the smoothness of (5.11), and by this, the semi-regularity of the metric
in two dimensions (τ, ξ). The coordinate transformation becomes{
r = τ2
t = ξτT
, (5.24)
When going back to four dimensions, we have to take the semi-regular warped product
between the two-dimensional extension (τ, ξ) and the sphere S2, with warping function
τ2, which is semi-regular, cf. Theorem 2.74.
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The metric in the proof is
ds2 = − 4τ
4
2m− τ2 dτ
2 + (2m− τ2)τ4 (4ξdτ + τdξ)2 + τ4dσ2, (5.25)
which is a semi-regular analytic extension of the Schwarzschild metric.
It is easy to see that it is also quasi-regular.
Corollary 5.3. The Schwarzschild spacetime is quasi-regular (in any atlas compatible
with the coordinates (5.24)).
Proof. We know from [183] that the Schwarzschild spacetime is semi-regular. It is also
Ricci flat, hence Sabcd and Eabcd are smooth too, and the metric is quasi-regular.
5.3 Analytic Reissner-Nordstrom singularity
In this section, we derive an analytic extension of the Reissner-Nordstro¨m solution be-
yond the singularity, by using new coordinates. The metric’s components are made finite
and analytic, but degenerate at r = 0.
5.3.1 Introduction
The Reissner-Nordstro¨m is a solution to the Einstein-Maxwell equations, describing a
static, spherically symmetric, electrically charged, non-rotating black hole [139, 156].
The metric is
ds2 = −
(
1− 2m
r
+
q2
r2
)
dt2 +
(
1− 2m
r
+
q2
r2
)−1
dr2 + r2dσ2, (5.26)
where q is the electric charge of the body, m the mass of the body, dσ2 is that from
equation (5.2), and the units were chosen so that c = 1 and G = 1 (cf. [94], p. 156).
The number of the event horizons of a Reissner-Nordstro¨m black hole equals the number
of real zeros of r2 − 2mr + q2. These are apparent singularities, that can be removed
for example by Eddington-Finkelstein coordinates [67, 74]. But in all cases, there is an
irremovable singularity at r = 0, which at least we will make degenerate.
5.3.2 Extending the Reissner-Nordstro¨m spacetime at the singularity
The main result of this section is contained in the following theorem.
Theorem 5.4. Let’s consider the Reissner-Nordstro¨m spacetime, with the metric (5.26).
There is a larger spacetime, which extends it analytically beyond the singularity r = 0.
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Proof. The metric (5.26) is a warped product between a two-dimensional semi-Riemann-
ian space of coordinates (t, r), and the sphere S2, parameterized by φ and θ. As in the
Schwarzschild case, we will use coordinate transformations which affect only the coor-
dinates r and t, in the neighborhood r ∈ [0,M) of the singularity, where M =∞ if the
black hole is naked, and M is the smallest real zero of r2− 2mr+ q2 otherwise. We take
the coordinates ρ and τ given by {
t = τρT
r = ρS
(5.27)
and search for S,T ∈ N which make the metric analytic. This choice is motivated by
the need to smoothen the divergent components of the metric. Then,
∂t
∂τ
= ρT,
∂t
∂ρ
= TτρT−1,
∂r
∂τ
= 0,
∂r
∂ρ
= SρS−1. (5.28)
The following notation is standard
∆ := r2 − 2mr + q2 (hence ∆ = ρ2S − 2mρS + q2). (5.29)
We see that ∆ > 0 for ρ ∈ [0,M). The metric components from (5.26) become
gtt = − ∆
ρ2S
, grr =
ρ2S
∆
, gtr = grt = 0. (5.30)
We calculate the metric components in the new coordinates.
gττ =
(
∂r
∂τ
)2 ρ2S
∆
−
(
∂t
∂τ
)2 ∆
ρ2S
= 0− ρ2T ∆
ρ2S
.
Hence
gττ = −∆ρ2T−2S. (5.31)
gρτ =
∂r
∂ρ
∂r
∂τ
ρ2S
∆
− ∂t
∂ρ
∂t
∂τ
∆
ρ2S
= 0− Tτρ2T−1 ∆
ρ2S
.
Then
gρτ = −T∆τρ2T−2S−1, (5.32)
and
gρρ = S2
ρ4S−2
∆
− T2∆τ2ρ2T−2S−2. (5.33)
From the term S2
ρ4S−2
∆
in equation (5.33), to have smooth gρρ, S has to be an integer
so that S ≥ 1. This condition also makes this term analytic at ρ = 0.
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To avoid negative powers of ρ, the other term in equation (5.33), and those from (5.31)
and (5.32), require that 2T− 2S− 2 ≥ 0. Hence, to remove the infinity of the metric at
r = 0 by a coordinate transformation like (5.27), S and T has to be integers, and{
S ≥ 1
T ≥ S+ 1 (5.34)
These conditions ensure that all metric’s components are analytic at the singularity.
Now we take the warped product between the space (τ, ρ), and the sphere S2, with
warping function ρS, to return to four dimensions. This degenerate warped product
results in a 4D manifold whose metric is analytic and degenerate at ρ = 0.
Corollary 5.5. In the coordinates from theorem 5.4, the Reissner-Nordstro¨m metric is
ds2 = −∆ρ2T−2S−2 (ρdτ + Tτdρ)2 + S
2
∆
ρ4S−2dρ2 + ρ2Sdσ2. (5.35)
Proof. From (5.28) follows
dt =
∂t
∂τ
dτ +
∂t
∂ρ
dρ = ρTdτ + TτρT−1dρ = ρT−1(ρdτ + Tτdρ) (5.36)
and
dr =
∂r
∂τ
dτ +
∂r
∂ρ
dρ = SρS−1dρ. (5.37)
We substitute them in the Reissner-Nordstro¨m equation (5.26), and obtain
ds2 = − ∆
ρ2S
dt2 +
ρ2S
∆
dr2 + r2dσ2
= −∆ρ2T−2S−2(ρdτ + Tτdρ)2 + S
2
∆
ρ4S−2dρ2 + ρ2Sdσ2.
5.3.3 Null geodesics in the proposed solution
Let’s discuss the geometric meaning of the extension proposed here, from the viewpoint
of the lightcones and the null geodesics. In the coordinates (τ, ρ), the metric is analytic
near the singularity ρ = 0 and has the form
g = −∆ρ2T−2S−2
 ρ2 Tτρ
Tτρ T2τ2 − S
2
∆2
ρ6S−2T
 (5.38)
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Let’s find the null directions at each point, i.e. the tangent vectors u 6= 0 satisfying
g(u, u) = 0. If we consider u = (sinα, cosα), we have to find α. We obtain the equation
ρ2 sin2 α+ 2Tτρ sinα cosα+
(
T2τ2 − S
2
∆2
ρ6S−2T
)
cos2 α = 0, (5.39)
which is quadratic in tanα
ρ2 tan2 α+ 2Tτρ tanα+
(
T2τ2 − S
2
∆2
ρ6S−2T
)
= 0, (5.40)
and has to the solutions
tanα± = −Tτ
ρ
± S
∆
ρ3S−T−1. (5.41)
Hence, the incoming and outgoing null geodesics satisfy the differential equation
dτ
dρ
= −Tτ
ρ
± S
∆
ρ3S−T−1. (5.42)
For the coordinate ρ to remain spacelike, it has to satisfy gρρ > 0. From equation (5.38),
this requires that
S2
∆2
ρ6S−2T > T2τ2. (5.43)
To ensure (5.43) in a neighborhood of (0, 0), it is required that
T ≥ 3S. (5.44)
The null geodesics are integral curves of the null vectors (5.41). In coordinates (τ, ρ),
the null geodesics are oblique everywhere, except at ρ = 0, where they become tangent
to the axis ρ = 0. The degeneracy of the metric stretch the lightcones as approaching
ρ = 0, where they become degenerate (figure 5.1). At ρ = 0, the incoming and outgoing
null geodesics become tangent (figure 5.2).
5.3.4 The electromagnetic field
In the standard Reissner-Nordstro¨m solution, in coordinates (t, r, φ, θ), the potential of
the electromagnetic field is singular at r = 0, being
A = −q
r
dt. (5.45)
On the other hand, in our solution both the electromagnetic potential, and the electro-
magnetic field, have better behavior.
Corollary 5.6. In the coordinates (τ, ρ, φ, θ), given by the coordinate change (5.27),
under the condition (5.34), the electromagnetic potential is
A = −qρT−S−1 (ρdτ + Tτdρ) , (5.46)
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(0, 0)
Figure 5.1: For T ≥ 3S and even S, as ρ→ 0, the lightcones become more and more
degenerate along the axis ρ = 0.
(0, 0)
Figure 5.2: The null geodesics, in the (τ, ρ) coordinates, for T ≥ 3S and even S.
the electromagnetic field is
F = q(2T− S)ρT−S−1dτ ∧ dρ. (5.47)
They are finite, and analytic everywhere, including at the singularity ρ = 0.
Proof. The electromagnetic potential is obtained directly from the proof of theorem
5.4 and equation (5.36). To obtain the electromagnetic field, we apply the exterior
derivative:
F = dA = −qd (ρT−Sdτ + TτρT−S−1dρ)
= −q
(
∂ρT−S
∂ρ
dρ ∧ dτ + T∂τρ
T−S−1
∂τ
dτ ∧ dρ
)
= −q ((T− S)ρT−S−1dρ ∧ dτ + TρT−S−1dτ ∧ dρ)
= q(2T− S)ρT−S−1dτ ∧ dρ
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5.4 Kerr-Newman solutions with analytic singularity
The stationary and axisymmetric solutions of the Einstein-Maxwell equations, repre-
senting charged rotating black holes, are called Kerr-Newman solutions [132, 224]. Ac-
cording to the no-hair theorem, the non-stationary black holes tend asymptotically to
Kerr-Newman solutions, which makes them representative for all the black holes. There-
fore, it is important to understand them, especially the properties in general considered
undesirable. The first is the existence of the singularity, which is in general ring-shaped.
Another problem is that, passing through the ring, one can reach inside another uni-
verse, in which there are closed timelike curves, i.e. time machines (which fortunately
don’t affect the causality in the region r > 0). A no less important problem is the black
hole information paradox, which will be discussed later.
We show that the Kerr-Newman solution, representing a charged and rotating station-
ary black hole, admits analytic extension beyond the singularity. We use again new
coordinates, in which the metric becomes smooth, although degenerate, on the ring sin-
gularity. Unlike fort the standard solution, one can choose the extension so that there
are no closed timelike curves.
5.4.1 Introduction
The Kerr-Newman space is R × R3, where R is the time coordinate, and R3 is param-
eterized by the spherical coordinates (r, φ, θ). The parameter a ≥ 0 characterizes the
rotation, m ≥ 0 the mass, q ∈ R the charge. Let’s define the functions
Σ(r, θ) := r2 + a2 cos2 θ, ∆(r) := r2 − 2mr + a2 + q2.
The Kerr-Newman metric is
gtt = −∆(r)− a
2 sin2 θ
Σ(r, θ)
, grr =
Σ(r, θ)
∆(r)
, gθθ = Σ(r, θ),
gφφ =
(r2 + a2)2 −∆(r)a2 sin2 θ
Σ(r, θ)
sin2 θ, gtφ = gφt = −2a sin
2 θ(r2 + a2 −∆(r))
Σ(r, θ)
. (5.48)
All other components of the metric vanish [224].
If q = 0, we obtain the Kerr solution [108, 109]; if a = 0 we get the Reissner-Nordstro¨m
solution [139, 156]. If both q = 0 and a = 0, we obtain the Schwarzschild solution; if, in
addition, m = 0, the result is the empty Minkowski spacetime (cf. Table 5.1).
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a > 0 a = 0
q 6= 0 Kerr-Newman Reissner-Nordstro¨m
q = 0 Kerr Schwarzschild
Table 5.1: Other stationary black hole solutions are obtained from the Kerr-Newman.
5.4.2 Extending the Kerr-Newman spacetime at the singularity
Theorem 5.7. Let’s consider the Kerr-Newman spacetime, with the metric (5.48).
There is a larger spacetime, which extends it analytically beyond the singularity r = 0.
Proof. We will find a coordinate system in the neighborhood of the singularity usually
called the block III ([141], p. 66), defined as follows. If the equation ∆(r) = 0 has no
real solutions, the region is r < ∞, otherwise, it is r < r−, where r− is the smallest
solution.
The new coordinates are τ , ρ, and µ, defined by
t = τρT,
r = ρS,
φ = µρM,
θ = θ,
(5.49)
where S,T,M ∈ N are natural numbers, chosen so that the metric is analytic. When
passing from coordinates (xa) to new coordinates (xa
′
), the metric becomes
ga′b′ =
∂xa
∂xa′
∂xb
∂xb′
gab. (5.50)
For our transformation (5.49), the Jacobian is
∂(t, r, φ, θ)
∂(τ, ρ, µ, θ)
=

∂t
∂τ
∂t
∂ρ
∂t
∂µ
∂t
∂θ
∂r
∂τ
∂r
∂ρ
∂r
∂µ
∂r
∂θ
∂φ
∂τ
∂φ
∂ρ
∂φ
∂µ
∂φ
∂θ
∂θ
∂τ
∂θ
∂ρ
∂θ
∂µ
∂θ
∂θ

=

ρT TτρT−1 0 0
0 SρS−1 0 0
0 MµρM−1 ρM 0
0 0 0 1
 . (5.51)
We arrange the components in Table 5.2.
To make sure that the new expression of the metric becomes smooth even on the ring
singularity, we want that all the terms in the right hand side of equation (5.50) are
smooth. For this, that the Jacobian components has to cancel the singularities of the
metric’s components, even when cos θ = 0.
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·/∂τ ·/∂ρ ·/∂µ ·/∂θ
∂t/· ρT TτρT−1 0 0
∂r/· 0 SρS−1 0 0
∂φ/· 0 MµρM−1 ρM 0
∂θ/· 0 0 0 1
Table 5.2: The Jacobian components.
Here are the least powers of ρ on the ring singularity, in each of the metric’s components
Oρ (gtt) = −2S, (5.52)
Oρ (gφφ) = −2S, (5.53)
Oρ (gtφ) = Oρ (gφt) = −2S, (5.54)
obtained by dividing polynomial expressions in ρ by Σ(r, θ). All other components are
non-singular on the ring singularity.
Table 5.3 contains the least power of ρ present in Table 5.2.
·/∂ρ ·/∂τ ·/∂µ ·/∂θ
∂t/· T T− 1 0 0
∂r/· 0 S− 1 0 0
∂φ/· 0 M− 1 M 0
∂θ/· 0 0 0 0
Table 5.3: The least power of ρ in the Jacobian components of the coordinate change.
We now check the metric’s components, to see if the singularities are canceled by the
components of the Jacobian.
Each component gab of the metric is checked by looking up the rows labeled by ∂x
a/·
and ∂xb/· in Table 5.3. For example,
∂t
∂ρ
∂t
∂τ
gtt (5.55)
satisfies
Oρ
(
∂t
∂ρ
∂t
∂τ
gtt
)
= (T− 1) + T− 2S, (5.56)
hence T has to satisfy 2T ≥ 2S+ 1.
From (5.52), (5.53), and (5.54), follows that we have to do this only for the components
of the metric with indices t and φ. From the equation (5.50), we need to check only the
rows ∂t/· and ∂φ/· from Table 5.3. Hence, to cancel the singularities of the metric’s
components, each component of the Jacobian of the form ∂t/· and ∂φ/· has to contain ρ
to at least the power S. Therefore, the smoothness (and the analyticity for that matter)
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of the metric on the ring singularity, in the new coordinates, is ensured by the conditions
S ≥ 1
T ≥ S+ 1
M ≥ S+ 1,
(5.57)
where S,T,M ∈ N. Hence, in the new coordinates, all of the metric’s components are
analytic at the singularity.
5.4.3 Electromagnetic field in Kerr-Newman
Another feature of our extension is that the electromagnetic potential and electromag-
netic field become smooth.
In standard coordinates, the electromagnetic potential of the Kerr-Newman solution is
the 1-form
A = − qr
Σ(r, θ)
(dt− a sin2 θdφ). (5.58)
In our coordinates, it is
A = − qρ
S
Σ(r, θ)
(ρTdτ + TτρT−1dρ− a sin2 θρMdµ), (5.59)
because from the Table 5.2 it follows that
dt = ρTdτ + TτρT−1dρ (5.60)
dr = SρS−1dρ (5.61)
and
dφ = MµρM−1dρ+ ρMdµ. (5.62)
In our coordinates, there is no singularity of the electromagnetic potential A at ρ = 0
and cos θ = 0, because T > S and M > S, from the conditions (5.34). Because the
electromagnetic field F = dA, it is smooth too.
Chapter 6
Global hyperbolicity and black
hole singularities
The source of this chapter is author’s original conference talk [187]. Black hole singular-
ities are usually considered to break the time evolution, in (classical) General Relativity.
It is shown here that, in fact, the standard black hole solutions are compatible with
global hyperbolicity. For this, globally hyperbolic spacetimes containing singularities
are constructed.
The first step was to extend solutions of the Einstein equation to the singularities, in
a way which avoids infinities. The stationary black hole solutions are then analytically
extended beyond the singularities. Next, the topology of the spacetime at the singularity
is repaired, by using the new extensions. Then, solutions are constructed, which are
shown to be globally hyperbolic by foliating the spacetime with Cauchy hypersurfaces.
The foliations are constructed by applying a Schwarz-Christoffel mapping to the Penrose-
Carter representations of the black hole solutions.
The results are applied to non-stationary black holes, including evaporating ones.
6.1 Canceling the singularities of the field equations
Some of the tensor fields involved in Einstein’s field equation become infinite at the
singularity points. We need a method to replace them with other fields which obey
equations equivalent to Einstein’s at the non-singular points, but remain in the same
time smooth at the singularity. Our proposed approach generalizes the semi-Riemannian
geometry, so that it works at an important class of singularity points [180–182].
Other method, used by Einstein and Rosen (for which they credited Mayer [69]) is to
multiply the Einstein equations with by a well-chosen power of det g. This way, all
instances of gab in the expression of det g2Ric are replaced by det ggab, the adjugate
matrix of gab ([69], p. 74), and the singularities of the Riemann and the Ricci tensors
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can be canceled out for certain cases. The resulting equations still make sense as partial
differential equations in the components of the metric tensor. Of course, the geometric
objects of Semi-Riemannian Geometry have geometric meanings so long as the metric
tensor is non-singular. But once we allow it to become singular, the geometric objects
like covariant derivative and curvature become undefined. The quantities which replace
them if we multiply the equations with det g or other factors cannot give them this
meaning. Maybe a new kind of geometry is required to restore the ideas of covariant
derivative and curvature for singular metrics.
We preferred to have a generalization of Semi-Riemannian Geometry, which allows us to
define geometric objects like covariant derivative, Riemann curvature and Ricci tensor
even when the metric becomes degenerate.
In the following, we will explore the arena on which are defined the fields – the spacetime
– to make sure that the singularities don’t alter the topology in a way which breaks down
the evolution equations.
6.1.1 The topology of singularities
In the following we shall see that the main black hole solutions of Einstein’s equations
can be interpreted so that the time evolution is not jeopardized. To do this, we
1. Remove the singularities from the field equations.
2. Make sure that the solution is globally hyperbolic.
In this section, we shall see that these conditions can be ensured for the typical black
hole solutions of Einstein’s equation.
6.2 Globally hyperbolic spacetimes
A global solution to the Einstein equation is well-behaved when the initial data at a given
moment of time determine the solution for the entire future and past. This condition is
ensured by the global hyperbolicity, which is expressed by the requirements that
1. for any two points p and q, the intersection between the causal future of p, and
the causal past of q, J+(p) ∩ J−(q), is a compact subset of the spacetime;
2. there are no closed timelike curves ([94], p. 206).
The property of global hyperbolicity is equivalent to the existence of a Cauchy hyper-
surface – a spacelike hypersurface S that, for any point p in the future (past) of S,
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is intersected by all past-directed (future-directed) inextensible causal (i.e. timelike or
null) curves through the point p ([94], p. 119, 209–212).
A method we will use to construct hyperbolic spacetimes out of our solutions describing
black holes is the following. We will use Penrose-Carter coordinates, and prove the
global hyperbolicity by explicitly constructing foliations in Cauchy hypersurfaces.
To obtain explicitly the foliations of the Penrose-Carter diagrams, we map to our solu-
tions represented in coordinates (τ, ρ) the product (0, 1)× R. To do this, we will use a
version of the Schwarz-Christoffel mapping that maps the strip
S := {z ∈ C|Im(z) ∈ [0, 1]} (6.1)
to a polygonal region from C, with the help of the formula
f(z) = A+ C
∫ S
exp
[pi
2
(α− − α+)ζ
] n∏
k=1
[
sinh
pi
2
(ζ − zk)
]αk−1
dζ, (6.2)
where zk ∈ ∂S := R × {0, i} are the prevertices of the polygon, and α−, α+, αk are the
measures of the angles of the polygon, divided by pi (cf. e.g. [65]). The vertices having
the angles α− and α+ correspond to the ends of the strip, which are at infinity. The
level curves {Im(z) = const.} give our foliation [187].
6.3 Globally hyperbolic Schwarzschild spacetime
6.3.1 Penrose-Carter diagram for the semi-regular solution
The coordinates for the Penrose-Carter diagram (fig. 6.1) of the Schwarzschild metric
in its standard form are v
′′ = arctan
(
(2m)−1/2 exp
( v
4m
))
w′′ = arctan
(
−(2m)−1/2 exp
(
− w
4m
)) (6.3)
where v, w are the Eddington-Finkelstein lightlike coordinates [67, 74]{
v = t+ r + 2m ln(r − 2m)
w = t− r − 2m ln(r − 2m). (6.4)
The maximal analytic extension is limited by the conditions v′′ + w′′ ∈ (−pi, pi) and
v′′, w′′ ∈
(
−pi
2
,
pi
2
)
(see Fig. 6.1), because we have to stop at the singularity r = 0,
where we obtain infinite values, which prevent the analytic continuation.
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Figure 6.1: Penrose-Carter diagram for the standard maximally extended
Schwarzschild solution.
But out coordinates allow the extension beyond these boundaries. To get the Penrose-
Carter coordinates corresponding to our solution, we substitute (5.24) and get{
v = ξτ4 + τ2 + 2m ln(2m− τ2)
w = ξτ4 − τ2 − 2m ln(2m− τ2). (6.5)
From equation (5.25), we see that our solution extends to negative values for τ , and from
(6.5), the extension is symmetric with respect to the hypersurface τ = 0. We obtain the
Penrose-Carter diagram from Fig. 6.2.
6.3.2 Globally hyperbolic Schwarzschild spacetime
The Schwarzschild singularity is spacelike. Although in the original Schwarzschild coor-
dinates the singularity is apparently timelike and one dimensional, it is in fact spacelike,
as we can see from the Kruskal-Szekeres coordinates or Penrose-Carter coordinates.
Let’s take the Penrose-Carter diagram of a Schwarzschild black hole (Figure 6.1). This
diagram actually represents the maximally extended Schwarzschild solution, in Penrose-
Carter coordinates. This extended solution is interpreted to include, together with the
universe containing the black hole, another universe, in which there is a white hole.
We can foliate this spacetime with Cauchy hypersurfaces, as we can see in Figure 6.3.
This foliation is obtained with the help of the version of the Schwarz-Christoffel mapping
from equations (6.1) and (6.2) (cf.e.g.[65]).
To obtain the foliation from Figure 6.3, we take the prevertices to be
(−∞,−a, a,+∞, a+ i,−a+ i) , (6.6)
where a > 0 is a real number. The angles are respectively(
pi
2
,
3pi
4
,
3pi
4
,
pi
2
,
3pi
4
,
3pi
4
)
. (6.7)
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Figure 6.2: Penrose-Carter diagram for the semi-regular maximally extended
Schwarzschild solution.
Figure 6.3: Space-like foliation of the maximally extended Schwarzschild solution.
This foliation contains the past white hole, which one may consider unphysical. We can
make a similar foliation, but without the white hole (fig. 6.4), if we use the prevertices
(−∞,−a, 0, a,+∞, b+ i,−b+ i) , (6.8)
where 0 < b < a are positive real numbers. The angles are respectively(
pi
2
,
pi
2
,
3pi
2
,
pi
2
,
pi
2
,
3pi
4
,
3pi
4
)
. (6.9)
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Figure 6.4: Space-like foliation of the Schwarzschild solution, without white hole.
6.4 Globally hyperbolic Reissner-Nordstro¨m spacetime
6.4.1 The Penrose-Carter diagrams for our solution
The Penrose-Carter diagrams for the standard Reissner-Nordstro¨m spacetimes are pre-
sented in figure 6.5 ([94], p. 157-161).
C.B.
A.
Our universe,
outside the black
hole
Inside the black hole
Other universe,
outside the black
hole
Timelike
singularity
Other universe,
outside the black
hole
Other universe,
outside the black
hole
Cauchy
horizon
Our universe,
outside the black
hole
Timelike
singularity
Other universe,
outside the black
hole
Cauchy
horizon
Figure 6.5: Reissner-Nordstro¨m black holes. A. Naked solutions (q2 > m2). B.
Extremal solution (q2 = m2). C. Solutions with q2 < m2.
To obtain the Penrose-Carter coordinates for our solution from section §5.3, we add our
coordinate transformation before the steps leading to the Penrose-Carter coordinates.
For odd S, there is a region ρ < 0, and the Penrose-Carter diagrams are the same as the
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standard diagrams (e.g. [94], p. 165). If S is even, the diagram repeats periodically, not
only vertically, but also horizontally, symmetrical to the singularity.
The diagram for the naked Reissner-Nordstro¨m black hole (q2 > m2) is obtained by
taking the symmetric of the standard Reissner-Nordstro¨m diagram with respect to the
singularity (figure 6.6).
Figure 6.6: Penrose-Carter diagram for our naked Reissner-Nordstro¨m black hole
(q2 > m2), which is the analytic extension beyond the singularity. It is symmetric with
respect to the timelike singularity.
The resulting diagram for the extremal Reissner-Nordstro¨m black hole (q2 = m2) is a
strip symmetric about the singularity (figure 6.7).
Our universe,
outside the black
hole
Timelike
singularity
Other universe,
outside the black
hole
Figure 6.7: Penrose-Carter diagram for our analitic extension of the extremal
Reissner-Nordstro¨m black hole (q2 = m2) beyond the singularity. It is symmetric
with respect to the timelike singularity, and repeats periodically in time.
The Penrose-Carter diagram for the non-extremal Reissner-Nordstro¨m black hole (q2 <
m2) repeats, in the planar representation, both vertically and horizontally, and has
overlapping parts (figure 6.8).
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Figure 6.8: The Penrose-Carter diagram our extension of for the non-extremal
Reissner-Nordstro¨m black hole with q2 < m2, analytically extended beyond the sin-
gularity. When represented in plane, it repeats periodically along both the vertical and
the horizontal directions, and it has overlaps. In the diagram, there is an intentional
small shift between the two copies, to make the overlapping visible.
In the Penrose-Carter diagrams of the extensions of the Reissner-Nordstro¨m solution
beyond the singularities, the null geodesics continue through the singularity, because
they always make angle equal to ±pi4 .
6.4.2 Globally hyperbolic Reissner-Nordstro¨m spacetime
Two reasons prevent the standard Reissner-Nordstro¨m solution to admit a Cauchy hy-
persurface. First, it cannot be extended beyond the singularity. Second, it has Cauchy
horizons.
Our solution solves the first problem, because extends analytically the Reissner-Nordstro¨m
spacetime beyond the singularity. We will use this to construct solutions that admit fo-
liations with Cauchy hypersurfaces.
Let’s consider the coordinates (τ, ρ) as in (5.27), with T so that the condition (5.44)
holds. They give a spacelike foliation, by the hypersurfaces τ = const. This foliation
is global only for naked singularities; otherwise it is defined locally, in a neighborhood
of (τ, ρ) = (0, 0) given by r < r−. Equation (5.26) saids that the solution is stationary,
i.e., it is time independent, in the coordinates (t, r). Hence, we can choose any value
for the time origin. By this, we can cover a neighborhood of the entire axis ρ = 0 with
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coordinate patches like (τ, ρ). To obtain global foliations, we use the Penrose-Carter
diagrams of section §6.4.1, figures 6.6, 6.7 and 6.8. Recall that in the Penrose-Carter
diagram, the null directions are represented as straight lines inclined at an angle of ±pi4 .
It is easy to see that the naked Reissner-Nordstro¨m solution (figure 6.6) has a global
foliation, because the Penrose-Carter diagram is the same as for the Minkowski spacetime
(fig. 6.9). Hence, we use the same foliation as that for the Minkowski spacetime will.
To foliate it, we use the Schwarz-Christoffel mapping (6.2). By taking as prevertices
(−∞, 0,+∞, i) , (6.10)
and as angles (pi
2
,
pi
2
,
pi
2
,
pi
2
)
, (6.11)
we obtain the foliation represented in fig. 6.9.
Timelike singularityCauchy hypersurface
pq
Figure 6.9: Spacelike foliation with Cauchy hypersurfaces, for the naked Reissner-
Nordstro¨m solution extended beyond singularity.
The solutions whose singularity is not naked have Cauchy horizons (hypersurfaces which
are boundaries for the Cauchy development of the data on a spacelike hypersurface), and
don’t admit globally hyperbolic maximal extension. To obtain a globally hyperbolic
solution, we have to remove the regions beyond the Cauchy horizons, obtaining in a
natural way a subset of the Penrose-Carter diagram, symmetric about the singularity
r = 0, which admits foliation (Figures 6.10 and 6.11).
We take as prevertices for the Schwarz-Christoffel mapping (6.2) the set
(−∞,−a, 0, a,+∞, i) , (6.12)
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Timelike singularity
Internal horizon
Event horizon
Cauchy hypersurface
p
Figure 6.10: Foliation with Cauchy hypersurfaces, for the non-extremal Reissner-
Nordstro¨m solution.
Timelike singularity
Event horizon
Cauchy hypersurface
p
Figure 6.11: Foliation with Cauchy hypersurfaces, for the extremal Reissner-
Nordstro¨m solution.
where 0 < a is real. The corresponding angles are(
pi
2
,
pi
2
,
3pi
2
,
pi
2
,
pi
2
,
pi
2
)
. (6.13)
By choosing a properly, we obtain the foliations represented in diagrams 6.10 and 6.11,
for the non-extremal, respectively the extremal solutions. Given that α− = α+ and
the edges are inclined at most at pi4 , and alternate in such a way that the level curves
with Im(z) ∈ (0, 1) always make an angle strictly between −pi4 and pi4 , our foliations are
spacelike everywhere.
Each of the figures 6.9, 6.10, and 6.11, contained a highlighted spacelike hypersurface.
This hypersurface is intersected by all past (future) directed inextensible causal curves
through a point p from its future (past), therefore it is Cauchy.
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6.5 Globally hyperbolic Kerr-Newman spacetime
6.5.1 Removing the closed timelike curves
For the Kerr-Newman black holes, a new problem seems to forbid the existence of
globally hyperbolic solutions: the existence of closed timelike curves. We will see that
they can be removed, by a proper choice of S, T, and M.
The Kerr-Newman ring singularity is at r = 0 and cos θ = 0. In Kerr-Schild coordinates,
the solution can be analytically extended through the disk r = 0, to another spacetime
region which has r < 0, hence is not isometric to the region r > 0 (see Fig. 6.12). On the
other hand, in our coordinates with even S, T, and M, the analytic extension to ρ < 0
gives a region which is isometric to that with ρ > 0, and we can make the identification
(ρ, τ, µ, θ) = (−ρ, τ, µ, θ). In addition to removing the wormhole beyond r = 0, also the
closed timelike curves vanish, because there will be no region r < 0. This allows us to
find foliations similar to those for the Reissner-Nordstro¨m solution.
Figure 6.12: The standard Kerr and Kerr-Newman solutions, in Kerr-Schild coor-
dinates, admit analytic continuation beyond the disk r = 0, into a spacetime which
contains closed timelike curves. In our solution with even S, T, and M, the regions
ρ < 0 and ρ > 0 can be identified, removing the wormhole and closed timelike curves.
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6.5.2 The Penrose-Carter diagrams for our solution
The Penrose-Carter diagrams the standard Kerr and Kerr-Newman spacetimes have
Penrose-Carter diagrams similar to those for the Reissner-Nordstro¨m spacetimes, al-
though their symmetry is axial, not spherical, the singularity is ring-shaped, and closed
timelike curves are present. Our approach can eliminate the closed timelike curves, and
the Penrose-Carter diagrams for the Reissner-Nordstro¨m spacetimes are even more ap-
propriate for the Kerr and Kerr-Newman spacetimes. Therefore, we will use spacelike
foliations similar to those for the Reissner-Nordstro¨m case, the difference being that the
singularity is ring-shaped (see Figure 6.13). In particular, we can use the same Schwarz-
Christoffel mappings, and the same globally hyperbolic subsets obtained by removing
what’s beyond the Cauchy horizons (fig. 6.13).
Figure 6.13: Space-like foliation of the extended Kerr-Newman solutions. A. Naked
singularity. B. Extremal solution. C. Non-extremal solution.
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6.6 Non-stationary black holes
The stationary solutions are idealizations. In reality, a black hole doesn’t necessarily
exist from the beginning of the universe, it may be younger. Also, it may evaporate
completely after a finite time interval.
Non-stationary black hole solutions can be obtained by considering the parameters
a, q,m to be variable. This allows us to patch solutions together, and construct more
general solution, which change in time.
For example, a spacelike foliation of a non-rotating and electrically neutral black hole
which formed after the beginning of the Universe, and which continues to exist forever,
is represented in Figure 6.14.
Figure 6.14: The spacelike foliation of a non-rotating and electrically neutral black
hole formed after the beginning of the Universe, which continues to exist forever.
The prevertices of the Schwarz-Christoffel mapping (6.2) whose image is represented in
Figure 6.14 are given by the set
(−∞, 0,+∞, a+ i,−a+ i) , (6.14)
where 0 < a is a positive real number. The angles are respectively(
pi
2
,
pi
2
,
pi
2
,
3pi
4
,
3pi
4
)
. (6.15)
We see that, because the typical spacelike hypersurface in the foliation in Figure 6.4
is diffeomorphic with the space R3 of the Minkowski spacetime R3 × R, the topology
doesn’t change because of the occurrence of a neutral non-rotating black hole. In fact,
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the typical spacelike hypersurface of the foliation of a charged and rotating black hole
also has the same topology as R3, as we have seen. So they can appear and evaporate
as well in an R3 space, without disrupting the topology. This condition is required to
have a good time evolution.
If the non-rotating and electrically neutral black hole is primordial (exists from the
beginning of the universe), but evaporates completely after a finite time, the spacelike
foliation is as represented in Figure 6.15. The prevertices and the angles are identical to
those for Figure 6.11.
Figure 6.15: The spacelike foliation for a non-rotating and electrically neutral pri-
mordial black hole, which evaporates after a finite time.
If this non-rotating and electrically neutral black hole is not primordial and it evaporates
completely after a finite time, then at large distances the spacetime is very close to the
Minkowski spacetime, being assymptotically flat. Consequently, a spacelike foliation
looks like that in Figure 6.16.
The prevertices of the diagram represented in Figure 6.16 are the same as equations
(6.10) and (6.11).
In fig. 6.17, we compare the standard interpretation of a spacelike singularity, which
is assumed to destroy information, and the interpretation resulting from the possibility
to extend the solution beyond the singularity, given by our coordinates which make the
Schwarzschild solution analytic at the singularity. We use the case of reference in discus-
sions about the black hole information paradox, which is the evaporating Oppenheimer-
Snyder black hole.
Let’s see now what happens if the singularity is timelike, as in the case of the charged
and/or rotating black holes. If the black hole is primordial and evaporates, the corre-
sponding spacelike foliation is represented in Figure 6.18.
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Figure 6.16: The spacelike foliation for a non-rotating and electrically neutral black
hole formed after the beginning of the Universe, and which evaporates after a finite
time.
Figure 6.17: The Penrose-Carter diagram for an evaporating Oppenheimer-Snyder
black hole. A. The standard view is that the singularity destroys the information. B.
Our approach suggests that the singularity doesn’t destroy the information.
The prevertices and the angles are the same as those for the Figure 6.11.
The spacelike foliation of a spacetime containing a black hole which is not primordial
and does not evaporate is represented in Figure 6.19. The prevertices and the angles
are again those from equations (6.10) and (6.11).
The same prevertices and angles are used to construct the spacelike foliation for a non-
primordial evaporating black hole, represented in Figure 6.20.
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Figure 6.18: Primordial evaporating black hole with timelike singularity.
Figure 6.19: Non-primordial non-evaporating black hole with timelike singularity.
If the black hole rotates, the singularity is ring-shaped (as in Fig. 6.13), but the diagrams
are similar.
6.7 Conclusions
This chapter shows how one can extend smoothly the black hole solutions at the singu-
larities, then find an appropriate foliation of the spacetime into spacelike hypersurfaces,
and an appropriate extension of the spacetime at singularities, so that the topology
of the spacelike hypersurfaces of the foliations is preserved. In our typical examples,
the time evolution in the presence of singularities is restored. The examples given here
showed this explicitly for the neutral and charged, rotating or non-rotating, primordial
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Timelike singularity
Cauchy hypersurface
Event horizon
Figure 6.20: Non-primordial evaporating black hole with timelike singularity. The
fact that the points of the singularity become visible to distant observers is not a
problem for the global hyperbolicity, because the null geodesics can be extended beyond
the singularity.
or not, evaporating or not black holes. These models have been shown here to have
Penrose-Carter diagrams conformally equivalent to that of the Minkowski spacetime,
inheriting therefore from the latter the global hyperbolicity. Consequently, the Cauchy
data is preserved, and the information loss is avoided. This allows the construction of
Quantum Field Theories in such curved spacetimes ([96], p. 9), and the unitarity is
restored.
Chapter 7
Quantum gravity from metric
dimensional reduction at
singularities
This chapter is based on author’s original research, from article [186], and author’s talk
given in May 2012 at JINR, Dubna [188].
Old and recent theoretical investigations suggest that the quantization of gravity would
be possible, if a dimensional reduction takes place at high energy scales. This would also
solve other problems of Quantum Field Theory. But what is missing is a mechanism
which would cause the dimensional reduction.
The mathematical approach to singularities in General Relativity presented in this The-
sis leads to the conclusion that at singularities, the metric tensor becomes degenerate.
Geometry, and some of the fields, become independent of the directions in which the
metric is degenerate. Effectively, this is as if one or more spacetime dimensions vanish
at singularities. Consequently, it appears that singularities leads in a natural way to the
spontaneous dimensional reduction needed by Quantum Gravity.
7.1 Introduction
The most successful theories in fundamental theoretical physics are General Relativity
(GR) and Quantum Field Theory (QFT). They offer accurate and complementary de-
scriptions of the physical reality, and their predictions were confirmed with very high
precision.
But they are not without problems, especially with infinities. In GR, infinities are present
in the form of singularities. In QFT, infinities appear in the perturbative expansion. In
this Thesis we tried to offer a solution to the infinities in GR. The infinities in QFT
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are considered much less problematic now, due to renormalization techniques, which are
shown to apply to the entire Standard Model of particle physics [198, 199, 201], and the
renormalization group [30, 31, 84, 171, 172, 197].
But it seems that, when one tries to combine GR and QFT, infinities reappear, and
renormalization can’t remove them. GR without matter fields is perturbatively non-
renormalizable at two loops [87, 202]. It required number of higher derivative countert-
erms with their coupling constants is infinite. The main cause of the problem is the
dimension of the Newton constant, which is [GN ] = 2−D = −2 in mass units.
Many theoretical1 investigations were made in understanding ultraviolet (UV) limit in
QFT, the small scale. Particularly in various approaches to Quantum Gravity (QG),
the evidence accumulated so far suggests, or even requires, that in the UV limit there is
a dimensional reduction to two dimensions. What is under debate is the meaning, the
nature, the explicit cause of this spontaneous dimensional reduction.
In this chapter we suggest that our approach to singularities predicts in a very concrete
way the dimensional reduction.
The usual position regarding the apparent incompatibility between QFT and GR, man-
ifested as the non-renormalizability of GR, is that General Relativity is to be blamed,
and has to be modified. It is hoped that one of the many known approaches to QG will
cure not only the non-renormalizability, but also the problem of singularities, if we are
willing to give up up one or more fundamental principles of GR.
We will take here an opposite position, namely that solving the problem of singularities
in GR, has as effect the dimensional reduction in the UV limit, which would make GR
renormalizable.
According to ’t Hooft [200],
Quantum Gravity is usually thought of as a theory, under construction, where
the postulates of quantum mechanics are to be reconciled with those of gen-
eral relativity, without allowing for any compromise in either of the two.
In this chapter, we will try to go as far as we can in reconciliating QFT and GR, without
making compromises.
In section §7.2, we will review some of the hints suggesting that if the spacetime be-
comes 2-dimensional at small scales, the quantization of gravity will become possible. In
section §7.3, we will explain how singularities studied in this Thesis cause dimensional
reduction. Then we will show some connections between dimensional reduction caused
by singularities, and other types of dimensional reduction, proposed so far in some of
the approaches to QG.
1Experimental data is not available for such small distances.
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7.2 Suggestions of dimensional reduction coming from other
approaches
The original method of regularization through dimensional reduction appeared as a
method of regularization in QFT. It is rather formal, apparently with no implications
to the actual physical dimensions. It was suggested by the observations that the loop
integrations depend continuously on the number of dimensions. The poles can be avoided
by replacing the dimension 4 by 4− ε. At the end we just make ε→ 0 [35, 198, 201].
On the other hand, Quantum Gravity works fine in two dimensions. This justifies
the consideration of the possibility that, at small scales, the number of dimensions is
somehow reduced, while maintaining four dimensions at large scales. We review in the
following some of the indications suggesting the dimensional reduction.
7.2.1 Dimensional reduction in Quantum Field Theory
7.2.1.1 Several hints of dimensional reduction from QFT
Several different situations in QFT suggest that the two-dimensionality plays an impor-
tant role. Since the discovery of the first exactly solvable QFT model [205], the two-
dimensional QFT proved to be very productive, leading in a direct and non-perturbative
way to interesting results, which suggested hypotheses for four-dimensions (see [1] and
[81] and references therein).
In the Standard Model, one problem is that, to avoid the destabilization of the elec-
troweak symmetry breaking scale, the mass of the Higgs boson needs to be fine-tuned,
to an accuracy of 10−32 [7]. By fixing the cutoff at the electroweak scale, the SM works
well, and it is believed that this indicates new physics beyond this scale. In [7] is explored
the possibility of keeping unmodified the structure of the SM, and reduce the dimension.
One main idea is that the dimensional reduction to d = 2 space dimensions makes the
Higgs terms linearly divergent, and to d = 1 makes them logarithmically divergent. This
would make unnecessary the fine-tuning of the Higgs mass.
7.2.1.2 Fractal universe and measure dimensional reduction
G. Calcagni developed the fractal universe program, with the purpose to keep from the
Horˇava-Lifschitz gravity the nice feature that, in the UV regime, it leads to a two-
dimensional phase, but without giving up Lorentz invariance. He kept the isotropic
scaling, and compensates it, by replacing the standard measure used in the action with
another measure, (initially a Lebesgue-Stieltjes measure) which reduces the Hausdorff
dimension at the UV fixed point to two. The action becomes fractional, and the resulting
theory is non-unitary, being dissipative. But the energy is still conserved.
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The used action was
S =
∫
M
d%(x)L(φ, ∂µφ), (7.1)
with the measure
d%(x) = v dxD (7.2)
He used a weight of the form v :=
∏D−1
µ=0 f(µ)(x).
The original argument in [43] was that this measure leads to perturbative renormaliz-
ability. By similar ideas, Calcagni obtained a modified action for General Relativity,
and from this, a modified version of the Einstein equation.
He refined the theory introduced in [36, 37, 40], and put on more rigorous mathematical
basis, in the subsequent papers [11, 38, 39, 41–43, 45]. The mathematically foundation
of the fractal universe theory is a Lebesgue-Stieltjes measure or a fractional measure
[39], fractional calculus, and fractional action principles [70, 71, 213].
Later, in [46], it was shown that modified measure is not enough to ensure it, and in fact
the original power-counting argument from [43] fails. Yet, in [46] is argued that “[t]he
interest in fractional theories is not jeopardized”, and in [44] that multi-scale theories
are still of interest, not only for QG, but also for cosmology (accelerated expansion,
cosmological constant, alternative to inflation, early universe, big bounce, etc.).
Maybe the modified measure approach is insufficient to obtain perturbative renormaliz-
ability, but the dimensional flow at singularities is richer and provides some additional
features.
We will show in section §7.3.7 that our theory of singularities leads precisely to a measure
of the form (7.2).
7.2.1.3 Topological dimensional reduction
An interesting approach, proposed by D. V. Shirkov, was initially aimed to replace the
Higgs boson, which was expected to be found at 140 ± 25 GeV, with the Ginzburg-
Landau-Higgs solution of a constant classical Higgs field at ∼ 250 GeV. But in the
absence of a Higgs quantum field, the weak force would be non-renormalizable. Shirkov
realized that the regularization can be obtained by working in a spacetime with variable
topology, so that the number of dimensions varies from D = 4 in the IR limit, to
D = 1 + d < 4 in the UV limit, and the coupling constant is assumed to run between
these limits.
Shirkov proposed a gϕ4 QFT model described by a self-interacting Lagrangian L = T−V
[173], where
V (m, g;ϕ) =
m2
2
ϕ2 +
4pid/2M4+d
9
gdϕ
4, g > 0 (7.3)
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The toy model he used was a manifold obtained by joining two cylinders SR,L and Sr,l,
of lengths L, l and radii R > r, with a transition region Scoll of variable radius. One
interesting problem taking place on this manifold, was to solve some QFT equations,
and then take the limit r → 0.
In momentum space, the volume element d4k was replaced by
dMk =
d4k
1 + k
2
M2
, (7.4)
yielding a one-loop Feynman integral, whose IR asymptote is the function
ln
q2
m2i
, (7.5)
and the UV asymptote, the function
ln
4M2
m2i
+
M2
q2
ln
q2
M2
. (7.6)
This reversed the running of the coupling constant in the small distance region, to a
minimum value g¯2(∞) < g¯2(M2dr), where Mdr is the reduction scale.
Another feature of this approach is the possibility that the coupling constants of the
Standard Model converge in the UV limit toward the same minimum value, without
requiring by this a GUT scheme like SU(5) [18, 85].
The exploration of the idea of topological dimensional reduction was continued by P.
Fiziev and D. V. Shirkov in [75–77, 174], and applied to Klein-Gordon equation.
In section §7.3.2, we establish strong connections between our approach, and the topo-
logical dimensional reduction approach of Shirkov and Fiziev.
7.2.2 Dimensional reduction in Quantum Gravity
A review of the indications that various approaches to QG suggest a dimensional reduc-
tion at small scales, is done by Carlip [48, 49].
The causal dynamical triangulations approach approximates spacetime by flat four-
simplicial manifolds, as in quantum Regge calculus [155]. Additional constraints on
the lengths of the edges of the simplices are imposed [2–6]. To enforce causality, it is
required that the time-slicing at discrete times is fixed, and that the time-like edges
are in the same direction. The spectral dimension – the effective dimension of the diffu-
sion process, related to the dispersion relation of the corresponding differential operator,
turns out to be four at large distances, but two at short distances [5]. Spectral dimension
is calculated in other approaches to QG, and agrees [25, 48, 106, 123, 129, 130, 137].
There is a connection between the spectral dimension and the spacetime dimension, but
they are not equivalent [41, 77, 178, 179].
Quantum gravity from metric dimensional reduction at singularities 95
It has been noted [47] that, because in dimension < 3 the Weyl curvature vanishes, the
vacuum Einstein equation has only solutions of constant curvature (flat, if the cosmo-
logical constant is 0). Hence, local degrees of freedom are absent, that is, gravitational
waves in the classical case, and gravitons in QG, are absent. As we have seen in section
§4.4, quasi-regular singularities have vanishing Weyl curvature (see §7.3.3).
7.2.2.1 Asymptotic safety for the renormalization group
Even though GR appears to be non-renormalizable, the renormalization group analysis
may provide useful indications. The idea of asymptotic safety, proposed by S. Weinberg
[227], is that, although there is an infinite number of coupling constants, they become
“unified”, under the renormalization group flow, when approaching an ultraviolet fixed
point. That is, they converge to a finite-dimensional ultraviolet critical surface. To make
the 3 + 1-dimensional gravity asymptotically safe, one can supplement the Einstein-
Hilbert Lagrangian density L = − 1
16piGR
√
−det g with higher-order curvature terms.
For example, by replacing it with L = f(R)√−det g. Weinberg observed that “there is
an asymptotically safe theory of pure gravity in 2+ε dimensions, with a one-dimensional
critical surface”, and “[a]symptotic safety is also preserved when we add matter fields”,
if we add certain compensatory fields [227].
The evidence for asymptotic safety [55, 88, 126, 138, 157, 158], involves especially two
dimensions [107, 125]. The spectral dimension near the fixed point also is dS = 2
[123]. Other indications are that the existence of a non-Gaussian fixed point for the
dimensionless coupling constant gN = GNµd−2 requires two-dimensionality [138].
7.2.2.2 Horˇava-Lifschitz gravity
Horˇava-Lifschitz gravity, inspired by the quantum critical phenomena in condensed mat-
ter systems, was proposed in 2009 by Horˇava [105]. The idea is to assume that space
and time behave differently at scaling:{
x 7→ bx,
t 7→ bzt. (7.7)
To describe an UV fixed point, it is required that z = D − 1 = 3, and sometimes
that z = 4. The anisotropy (7.7) is required to be a symmetry of the solution, but
not necessarily of the action itself. In the UV limit, the theory describes interacting
non-relativistic gravitons. In 1 + 3 dimensions, it is power-counting renormalizable.
Lorentz symmetry is broken in the UV limit, but it is conjectured that it is restored at
large distances, and z → 1. The theory leads to field equations which are of high order
in space, to cancel the divergences of the loop integrals, and of second-order in time, to
avoid ghosts. The spectral dimension is 4 at low energies, and 2 at high energies [106].
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The volume element has the dimension
[dtddx] = −d− z, (7.8)
which is incremented by each time derivative by
[∂t] = z, (7.9)
hence, κ is dimensionless when z = d, since its scaling dimension is
[κ] =
z − d
2
. (7.10)
Some objections have been raised, most of them objections coming from the difficulty to
prove that GR is recovered in the IR limit [28, 29, 52, 102, 110, 143, 177, 220, 226, 228].
In section §7.3.6 we will show how our singularities suggest a mechanism for the anisotropy
(7.7).
7.3 Dimensional reduction at singularities
While dimensional reduction seems to be needed for Quantum Gravity, little is known
about what causes it. But the singularities studied in this Thesis may provide an
explanation, because they act like sources for the dimensional reduction.
7.3.1 The dimension of the metric tensor
At points p ∈M where the metric tensor gab is degenerate, the distance vanishes along
the degenerate directions, which belong to the space ker([) := T⊥p (M) ≤ TpM (fig. 2.1).
These directions can be factored out by taking the quotient
Tp•M :=
TpM
T⊥p (M)
, (7.11)
which has the dimension equal to the rank of the metric at p:
dimTp•M = rank gp. (7.12)
Because the metric g is degenerate, it can be reduced to a metric tensor on the space
Tp•M , and its inverse is a metric tensor on Tp•M , both spaces having dimension rank gp.
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7.3.2 Metric dimension vs. topological dimension
Let (M, g) be a singular semi-Riemannian manifold. Even if the rank of the metric is,
at the points where the metric becomes degenerate, lower than dimM , the topological
dimension of the manifold remains dimM . Mathematically, there are three layers in
Differential Geometry: the topological structure, the differential structure, and the geo-
metric structure. The dimension of the vector space used in the charts of the atlas is
the topological dimension of M . The metric dimension, or the geometric dimension is
the rank of the metric, and can be at most equal to the topological dimension.
Kupeli showed that, if (M, g) is a radical-stationary semi-Riemannian manifold of con-
stant signature (k, l,m), it is locally isomorphic to a direct product manifold P ×0 N
between a (non-degenerate) semi-Riemannian manifold P of signature (l,m), and a k-
dimensional manifold N , whose metric can be considered equal to 0 [120]. Therefore,
from the viewpoint of geometry, at any point p ∈ M the degenerate directions can be
ignored, and we can identify the D-dimensional manifold M at p, with the rank gp-
dimensional manifold P . The information contained in the metric g of the manifold M
can be obtained by pull-back, from that of a metric on a manifold (P, h) with smaller
topological dimension.
In addition to the metric, in GR there are present other fields. To admit smooth met-
ric contractions between covariant indices, and to admit smooth covariant derivatives
(Chapter 2), the fields have to behave as if they don’t “see” the degenerate directions.
This connects our results with the topological dimensional reduction of D.V. Shirkov
and P. Fiziev (see section §7.2.1.3). Our approach confirm their observation [77]:
dimensional reduction of the physical space in general relativity (GR) can
be regarded as an unrealized and as yet untapped consequence of Einstein’s
equations (EEqs) themselves which takes place around singular points of
their solutions.
7.3.3 Metric dimensional reduction and the Weyl tensor
According to Theorem 4.2, in dimension 4, the Weyl curvature vanishes at quasi-regular
singularities, because at the points where the metric is degenerate, dimTp
•M ≤ 3.
Because the Ricci decomposition is smooth, the Weyl curvature tensor Cabcd is smooth,
and remains small around the singularity, where it vanishes.
Examples of quasi-regular singularities include the Schwarzschild black hole (section
§5.2), which can represent a classical neutral spinless particle. It is not yet clear whether
the singularities of stationary charged and rotating black holes are quasi-regular, but
we know they are analytic. Such black holes undergo geometric dimensional reduction
at singularities. For the charged ones, the electromagnetic potential and its field are
analytic, and finite at r = 0 (see sections §5.3 and §5.4).
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At singularities, because the Weyl curvature tensor vanishes, when quantizing, gravitons
are absent, making gravity renormalizable [47].
7.3.4 Lorentz invariance and metric dimensional reduction
At the points where the metric is degenerate, Lorentz invariance is affected. The metric
is, at those points, not invariant to a group of transformations isomorphic to Lorentz,
group. The role of the Lorentz group is taken by a larger group – the Barbilian group
[19]. If we factorize (at a point as in (7.11), or on a region of constant signature, if the
metric is radical-stationary) we reduce the Barbilian group to a subgroup, which is an
orthogonal subgroup of the Lorentz group.
Hence, in our approach, Lorentz invariance is maintained at all points where the metric
is non-degenerate, and the theory is equivalent with Einstein’s. At the points where the
metric is degenerate, no theory can maintain Lorentz invariance. The best we can do at
singularities is to maintain the invariance with respect to the subgroup of the Lorentz
group, obtained after the metric dimensional reduction.
Other approaches to Quantum Gravity, like Loop Quantum Gravity and Horˇava-Lifschitz
gravity, gave up Lorentz invariance even at the points where the metric is non-degenerate,
and hope that it emerges at large scales.
7.3.5 Particles lose two dimensions
From the viewpoint of GR, charged particles are charged black holes. As viewed in
Chapter 5, the metric of a charged black hole of type Reissner-Nordstro¨m or Kerr-
Newman can be made analytic. The electromagnetic potential and its field are also
analytic, and finite at r = 0. This can be easily extended to Yang-Mills fields.
Equation (5.35) shows that, in our coordinates, at ρ = 0 (which is equivalent to r = 0),
the metric loses two dimensions, dρ and dτ . The spherical metric seems to be canceled
by the factor ρ2S but this is only apparent, being due to the warped product – similar to
the spherical coordinates for R3, when we know that multiplying with r2 doesn’t make
the metric degenerate at r = 0.
Metric dimensional reduction is present also in the Schwarzschild and Kerr-Newman
models. So, we see that dimensional reduction takes place for particles which are charged
or neutral, spinning or not. The dimensional reduction, and the finiteness of the gauge
potential and fields at the singularity. Future developments of our research program
should check how these features affect the perturbative expansions and the renormal-
ization group analysis, including for the gravitational field, taking into account the new
results.
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7.3.6 Particles and spacetime anisotropy
For the metric (5.35) to admit a foliation in spacelike hypersurfaces, the condition T ≥ 3S
is required in (5.27) [184]. This allows the space and time to be distinguished at ρ = 0,
with the price of an anisotropy between space and time. The anisotropy is manifest
when going back to the old Reissner-Nordstro¨m coordinates (t, r) – a rescaling which
is isotropic in the coordinates (τ, ρ), is anisotropic in the coordinates (t, r). If our
coordinates (τ, ρ) are the correct ones, diffeomorphism invariance should be considered
valid in these coordinates, and not in the singular coordinates (t, r).
P. Horˇava showed that an anisotropy like (7.7) leads to the correct dimension for the
Newton constant (see §7.2.2.2 and [105]). Could the anisotropy we obtained at the
Reissner-Nordstro¨m singularity, be related to the one proposed by Horˇava? They are
different in nature: our anisotropy follows from our coordinates, and GR, while Horˇava
modified GR. We don’t need to impose the recovery of standard GR at low energies,
since our approach is already equivalent to GR everywhere outside the singularities.
7.3.7 The measure in the action integral
As approaching the degenerate singularities, the volume form
dvol :=
√
−det gdx0 ∧ . . . ∧ dxD−1 =
√
−det gdxD (7.13)
tends to 0. In the case of black hole singularities, this is due to the fact that in our
coordinates the metric is analytic. The volume form appears in the action principle
S =
∫
M
dvol(x)L (7.14)
If, in some coordinates (xµ), the metric is diagonal, then
dvol(x) =
D−1∏
µ=0
√
|gµµ(x)|dxD. (7.15)
We see that we obtain a measure of the type proposed by G. Calcagni [36, 37]. To see
this, we take in the Lebesgue measure from section §7.2.1.2, equation (7.1), the weights
f(µ)(x) =
√
|gµµ(x)|. (7.16)
Hence, much of the analysis developed in [36, 37] for QFT follows from the fact that the
metric becomes degenerate. The measure becomes
d%(x) =
√
−det gdxD, (7.17)
the standard measure from General Relativity, which we now allow to vanish.
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Calcagni justifies the change of the measure by considering the spacetime to be fractal,
i.e. having Hausdorff dimension which changes with the scale. The Lebesgue-Stieltjes
measure he postulates is independent of GR, and he applies it both to flat spacetime
QFT, and to QG [36, 37, 40]. He applies his action (7.1) to Special Relativistic QFT.
On the other hand, the identification we proposed in (7.16) ises in place of the weights
fµ, the square root of the components of a diagonal metric, which we allowed to become
zero. This suggests that, at small scales, QFT is improved by GR, by dimensional
reduction.
Calcagni applies to GR the same recipe he used for Special Relativistic QFT, but multi-
plies the weights with
√−det g [36]. His approach leads therefore to a modified Einstein
equation, and modified GR.
On the other hand, our approach keeps the standard GR everywhere where the metric is
not degenerate. The measure is similar to Calcagni’s measure which tames the infinities
of QFT, but it is just given by the volume form of a metric which becomes degenerate.
7.3.8 How can dimension vary with scale?
We have seen that the singularities with smooth but degenerate metric exhibit dimen-
sional reduction, and showed how it connects with dimensional reduction from other
approaches. It seems that our approach confirmed the intuition of some of these ver-
sions of dimensional reduction. What is more important, degenerate metric follows
naturally from GR, makes both big-bang and black hole singularities behave well, and
it was not invented ad-hoc to provide the needed dimensional reduction.
Our geometric dimensional reduction manifests as we approach a singularity. But what
is needed in QFT and QG, is that the dimensional reduction depends on the scale.
We will give only a qualitative justification, leaving the quantitative proof for future
research.
We will assume that it is enough to sum over the trivial topology, and there’s no need to
include non-trivial topologies. Because the topology of the black holes solutions which
can be used to describe particles can be taken the same as for the Minkowski spacetime
[183, 184, 187, 189], probably it will be enough to work with the same topology, and not
sum over all possible ones2.
If particles are to be represented by black hole singularities with degenerate metric,
then, if the number of particles are present in a given volume grows, the integral of
the volume form in a local coordinate system of a region containing them decreases
(fig. 7.1). That is, the average volume element decreases, as required for example in
Calcagni’s approach. The Feynman diagrams of higher order involve a larger number
of particles in the same volume. This leads to smaller volume element, hence to lower
contribution in the integrals.
2Also in Horˇava-Lifschitz gravity and CDT is not summed over other topologies.
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Figure 7.1: Artistic representation of the principle that the metric’s average volume
element decreases as the number of singularities (i.e. particles) in the region increases.
Singularities are represented as red dots, and |det g| is represented by blue curves.
While this argument refers to local coordinates, it is invariant, in the sense that the
constraint det g = 0 at singularities is the same in all coordinates obtained by a non-
singular transformation. Hence, the diffeomorphism invariance (general covariance) is
maintained in our argument.
Similar considerations can start with the fact that Cabcd = 0 for quasi-regular singu-
larities, and therefore, in average, as the number of particles in the Feynman diagrams
increase, the Weyl curvature becomes smaller, and the local degrees of freedom like
gravitons vanish with the energy.
Hence, our main conjecture, which we name the hypothesis of average dimensional re-
duction, is that the needed dimensional reduction which appears at smaller scales, is due
to the dimensional reduction at the singularities representing the particles.
7.4 Conclusions
We reviewed several results indicating that some problems concerning field quantization,
including of gravity, would be resolved if one sort or another of dimensional reduction
takes place at small scales. We showed that the theory of singularities developed in this
Thesis leads to a (geo)metric dimensional reduction, manifested in many ways similarly
to dimensional reduction from other approaches, ours having the bonus that General
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Relativity is not modified. Therefore, our approach to the problem of singularities
opens new possibilities to be explored in Quantum Gravity.
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Figure 7.2: Several examples of singularities, how they fit in our scheme, and how
they are resolved.
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